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Abstract

It is a part of my Algebraic General Topology research.

I generalize the point-set notion of funcoids to pointfree topology notion of pointfree
funcoids.

It seems that the theory of pointfree funcoids has use in the theory of n-ary funcoids.
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1 Draft status

This is a draft. No 100% warranty against errors.

Also the notation is inconsistent: sometimes used x sometimes X.

[TODO: Some theorems about funcoids may generalize to pointfree funcoids having one side a
complete atomic boolean lattice.|

2 Preface

This article generalizes the notions of funcoids introduced in [3], I call this generalization pointfree
funcoids.

%. This document has been written using the GNU TgEXy acg text editor (see www.texmacs.org).
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It seems that pointfree funcoids are necessary for research of an other generalization of funcoids,
n-ary funcoids. However in this article I do not attempt to research n-ary funcoids.

3 Notation

First we use the notation introduced in [2] and [3].
In addition to atoms®z, the set of atoms under an element x of a poset 2 we will write just
atoms® for all atoms of a poset 2.

4 Pointfree funcoids

4.1 Definition

Definition 1. Pointfree funcoid is a quadruple (; B; a; ) where 2 and 9B are posets, o € B
and 8 €A such that

Ve e,y €B: (y£® az s x££ By).

Definition 2. The source Src (2; B; a; 5) = 2 and destination Dst (2U; B; «; ) = B for every
pointfree funcoid (2; B; «; 3).

Definition 3. I will denote FCD(%; ®B8) the set of pointfree funcoids from 2 to B (that is with
source 2 and destination B), for every posets 2 and 5.

Proposition 4. If 20 and 9B have least elements, then FCD(2(;8) has least element.
Proof. It is (2A;5;0%;0%). O

Definition 5. ((;B;«; B))dZEfa for a pointfree funcoid (2;B; «; B).

Definition 6. (2;B;«; 3)~ 1= (B;; B;a) for a pointfree funcoid (2A;B; a; B).

Proposition 7. If f is a pointfree funcoid then f~! is also a pointfree funcoid.

Proof. Follows from symmetry in the definition of pointfree funcoid. g
Obvious 8. (f~1)~t= f for a pointfree funcoid f.

Definition 9. The relation [f] € &(Src f x Dst f) is defined by the formula (for every pointfree
funcoid f and x € Src f, y € Dst f)

o[ fly= y O (f)a.

Obvious 10. z[fly< y Pt (flz ez #£5<f (f~1)y for every pointfree funcoid f and z € Src f,
y € Dst f.

Obvious 11. [f~!]=[f]"! for a pointfree funcoid f.

Theorem 12. Let 2 and B are posets. Then:
1. If 2 is separable, for given value of (f) exists no more than one f € FCD(2l;B);
2. If A and B are separable, for given value of [f] exists no more than one f € FCD(2;B).
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Proof. Let f, g€ FCD(2;B).

1. Let (f)=(g). Then for every z €2, y €8 we have £ (f Ny y£® (flze y£® (g)zs
x ¥ (g~ 1)y and thus by separability of 2 we have (f =Yy = (g~ 1)y that is (f~1) = (g~ 1)
and so f=g.

2. Let [f]=1[g]. Then for every x €2, y €B we have y £% (flz < z[flye z[glye y£% (g)x
and thus by separability of B we have (f)z = (g)x that is (f) = (g). Similarly we have

(f71)=(g7"). Thus f=g. O

Theorem 13. Let f is a pointfree funcoid with distributive lattice Src f with least element and
separable distributive lattice Dst f with least element. Then (f)(i US™f j) = (f)i UP*f (f)j for
every i, j € Src f.

Proof.
*fHausedj) =
{yed [ ynPH/ (f)(iuslj) 40} =
{yed | Uselj)nSel (f~1y#0} =
{yed | (NSl (f~Hy)uSe s G/ (f~y) 40} =
{yeA | inS<s (fHy# 0V inT S (f~hy+0} =
{yed | ynPtI (fli40vynPti(f)j#0} =
{ye | (ynPstl (fli)uPstf (ynPstf (f)5)#£0} =
{yed | ynPI ((f)iuP=t/ (f)j)#0} =
*((HauPs I (f) 7).
Thus (f)(iUS /)= (f)iUSS (f)j by separability. O

Proposition 14. Let f is a pointfree funcoid with separable distributive lattice Src f with least
element and separable distributive lattice Dst f with least element. Then:

1. K[fIZUT < K[f]IZVK[f)T for every T, T € F(Dst f), K € F(Src f).
2. ZUJ[fIKSZ[fIKV T fIK for every T, T €F(Src f), K € F(Dst f).

Proof. 1. K[fIZU J < (ZU J) N (fIK + 05B) o (T n (£IK) U (T N (fIK) # 05F) &
IN(fIKF0SB v Tn(fH)K+05P) & KIfITVK[f]T.
2. Similar. O

?? [TODO: go f# h< g¥ho f~! theorem.]

4.2 Composition of pointfree funcoids
Definition 15. Composition of pointfree funcoids is defined by the formula
(B3 € ag; Ba) o (A; B ag; Br) = (A; G az o s By o Ba).
Definition 16. I will call funcoids f and g composable when Dst f =Src g.
Proposition 17. If f, g are pointfree funcoids and Dst f =Src g then go f is pointfree funcoid.
Proof. Let f=(2;B;a1; 51), g=(B;C; ag; B2). For every z, y €2 we have

Yy £ (o ar)z e y#C asanz & oz (P Boy o w42 B1Bay < w £ (B0 Ba)y.

So (AU; €; ag0aq; B10 B2) is a pointiree funcoid. O

Obvious 18. (go f)={(g)o(f) for every composable pointfree funcoids f and g.



4 SECTION 4

Theorem 19. (go f)~'= f~1og~! for every composable pointfree funcoids f and g.
Proof.

((go ) ) =(fNolg Hh=(fTTog™)
(((ge /)y H ™ H=(gof)=((fTtog ™).

Proposition 20. (hog)o f=ho(go f) for every composable pointfree funcoids f, g, h

Proof.
((hog)o fy=(hog)o(f)=(h)o <>O<f> (h)o(go f)=(ho(go[)).
(((hog)o f)= ) =(fTo(hog) ) =(fTog loh ) =((go f)~oh ) =((ho(go f))™"). O

4.3 Pointfree funcoid as continuation

Theorem 21. Let f is a pointfree funcoid. Then for every x € Src f, y € Dst f we have
1. If (Src f; 3) is a filtrator with separable core then z[f]y < VX € up®#3) z: X[ f]y.
2. If (Dst f;3) is a filtrator with separable core then z[f]y< VY € upPt /i3) z: 2[ f]v.

Proof. We will prove only the second because the first is similar.
r[flye ytPtf (flzeVY cupy: Y AP (flz e VY cupy: o[f]Y. O

Corollary 22. Let f is a pointfree funcoid and (Src f;30), (Dst f;31) are filtrators with separable
core. Then

z[flye VX c up(8re 330) gy e up(Pst £:31) 4. X[f]v.

Proof. Apply the theorem twice. U

Theorem 23. Let f is a pointfree funcoid. Let (Src f; 3) is a primary filtrator over a distributive
lattice and Dst f is a separable meet-semilattice with least element. Then for every x € Src f

Pa= (P )up S

Proof. (Src f;3) is a filtrator with separable core by the theorem 37 in [2]. Thus we can apply
the previous theorem for every y € Dst f:

y%DStf (f}z@z[f]y@VXGup(srcf;S)x:X[f]y<i>VXGup(srcfﬁ)z:y;ﬁDStf (HX.

Let’s denote W= {y NP/ ()X | X eup®</i3) 2} We will prove that W is a generalized filter
base. To prove this enough to show that V ={(f)X | X € up® /i3) 11 is a generalized filter base.

Let P,Q€V. Then P=(f)A, Q= (f)B where A, B €up®°/3) z: AnN3 B cup®e/3)x (used
the fact that it is a primary filtrator) and R C P NS Q for R=(f)(AN3B)€V. So V is a generalized
filter base and thus W is a generalized filter base.

0¢ W< NPt /W %0 by the properties of generalized filter bases. That is

VX €up®refi3) gy nPst f <f>X7':@@yﬂDStfﬂDStf«f»up(SrC F3) g 4.

Comparing with the above, y NPStf (f)z £ 0 < y APsES APt S ((f)upSrefi3) o £ G, So (f)z =
NPt ((£))upBSeFi3) 2 because Dst f is separable. O

Theorem 24. Let (; 30) and (B; 3;) are primary filtrators over boolean lattices.

1. A function o € B3° conforming to the formulas (for every I,.J € 3)

a0=0, a(IUudJ)=alU®aJ
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can be continued to the function (f) for a unique f € FCD(2;B);

()X =) {a)yup3) ¥ (1)
for every X €2l

2. A relation 6 € #(30 x 31) conforming to the formulas (for every I, J, K € 3¢ and I', J',
K'e3)
=(061), TUNJSK'<I6K'VJSK/,

2
=(I60), K§IUJ' < KSI'VKSJ' @)

can be continued to the relation [f] for a unique f € FCD(2L;B);
X[f]YeVX eup®B30) XY eup®3) y: XY (3)
for every X €, Y 8.

Proof. Existence of no more than one such pointfree funcoids and formulas (T) and (3) follow
from two previous theorems.

2. {Y €31 | XY} is obviously a free star for every X € 39. By properties of filters on boolean
lattices, there exist a unique filter object a X such that 9(aX)={Y €3, | XY } for every X € 3.
Thus o € B3°. Similarly can be defined 8 € 23! by the formula 9(3X)={X €30 | X §Y}. Let’s
continue the functions o and 3 to o’ € B* and 5’ € A% by the formulas

a'X:m%(amp(Q[;?’“)X and B’X:mmw)up(%?‘?’l)é\f
and ¢ to §’ € Z(2A x B) by the formula
X5 YeVX cup®3) X v eupPB3) Y. XY,
VNEA'X#0eYNE N2 (a)up®i3) X £ 0 N2V N2 ) (a)up®39) X £0. Let’s prove that
W= (V%) ajup3

is a generalized filter base: To prove it is enough to show that (oz)up(gl;"’”) X is a generalized filter
base.

If A, Be <a>up(m;3°) X then exist X1, Xo € up®39) X such that A=aX; and B=aXo.

Then a(X;N3° X5) € (a)upX. So (a)up X is a generalized filter base and thus W is a generalized
filter base.

By properties of generalized filter bases, (5(YN® Y (ar)up(%:i30) X #0 is equivalent to

VX cup®i30) x: ynP aX £,

what is equivalent to VX € up®39) X vV € up®3) y: v NB X + 0 VX e up(®i30) x|
Y € up®B3) YV € 9(aX) & VX € up®3) x, v e up®3) ¥: X § Y. Combining the
equivalencies we get Y NT o’X # 0 & X § Y. Analogously X N* 'Y + 0 < X 6’ Y. So
VNP a'X + 0 XN B'Y+£0, that is (; B; o; B') is a pointfree funcoid. From the formula
VNP a'X£0e X 'Y follows that [(A;B;a’; B7)] is a continuation of 4.

1. Let define the relation § € 2(30 x 31) by the formula X §Y <Y N®a X £ 0.

That —(0 6 I’) and —(I § 0) is obvious. We have K § I’ U3 J' < (I' U J) NP aK #+ 0 &
(I'VBJINNPaK+0e (I'NPaK)U? (J/UPaK)4 0 I'NPaK+0VvJ UPaK 40 <
Ko6I'VKs§J and I U JIK' & K'n®Pa(l U J)+0e K'N® (ol UF alJ) £ 0 <
(K'NPal)UP (K'NPa))40e K'NPal#£0VK' NPal+0< 15K 'VISK'.

That is the formulas (2) are true.

Accordingly the above § can be continued to the relation [f] for some f € FCD(2l;B).

VX €30, Y €31 (YN (f)X40& X[flY &Y NPT aX £0), consequently VX € 30:aX = (f)X
because our filtrator is with separable core. So (f) is a continuation of «. O

4.4 The preorder of funcoids

The preorder of pointfree funcoids is defined by the formula f C g< [f] C [g] for every pointfree
funcoids f and g.
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Remark 25. It is enough to define preorder of pointfree funcoids on every set FCD(2(;B) where 2
and ‘B are posets with least elements. We do not need to compare funcoids with different sources
or destinations.

Theorem 26. If 2 and B are separable posets then FCD(2(;B) is a poset.
Proof. From the theorem 12. 0

Theorem 27. Let (; 3¢) and (B; 31) are primary filtrators over boolean lattices. Then for
Re ZFCD(;B) and X € 30, Y € 31 we have:

1 X[JFPEBIR]Y & 3f e R X[f]Y
2. (UFCHBIRYX = JB{(f)X | f € R).
Proof.
2. aXE U%{< HX | feR} (by corollary 8 in [2] all joins on B exist). We have a0=0;
a(Tude]) = | (I J)| feRr}
USnuut ) | rery
SUHIU®(f)J | feRr}
= PN | FeRYUB(J*{(f)J | feR}

= alUBalJ

(used the theorem 13). By the theorem 24 the function « can be continued to (h) for a h € FCD(2;
B). Obviously

VfERRhDS. (4)

And h is the least element of FCD(2l;%B) for which holds the condition (4). So h=|JFPEBIR,
L X[UPR)Y & Y Nn® (JFPR)X £ 0« Y N JP{(f)X|fERY+0« If € R:
Y NP (f)X#0&3f€R: X[f]Y (used the theorem 40 in [2]). O

Corollary 28. If (2;30) and (8; 31) are primary filtrators over boolean lattices then FCD(2; B)
is a complete lattice.

Proof. 2 and B are separable accordingly obvious 20 in [2].
Then apply [1] taking in account the theorem 12. O

Theorem 29. Let A and B are distributive lattices with least elements. Then:
L ( fUFCPEEB) g\ ¥ = (f)X U (g) X for every X €2;

2. [ fUFCPEEB) g1 = [£]U]g].

Proof.
1. Let aXd:ef<f>X U® (g); ﬂyd:&(f’lﬁ) U (g1 Y for every X €A, Y € B. Then

VOB aX 40 & (VOB (£)X)UD (YN (g)X)£0
s YNB(HX+0vYNB(g)X+0
s XN (fhyLovan (g hy+0
& (XN (YU (XN*(gTHY)#0
& Xn*pYy+£o.

So h=(2;B; «; B) is a pointfree funcoid. Obviously h D f and hDg. If pD f and p D g for some
p € FCD(A;B) then (p)X D (f)X US (g)X = (h)X that is pD h. So fUFPEEB) g—p,

2. X[ f UFPEB) g1y 0 Y (% (f UFPEED) ) £ 0 Y NP ()X UP (g)X) £ 0 o
(VAP (FJX)UE (VNP ())V) 406 VN2 (F)X £0V YN (g)X £0 X[f]YV X[g)Y for every
xXe YeB. O
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4.5 More on composition of pointfree funcoids
Proposition 30. [go f]=[g]o (f)={(g~!)~Lo[f] for every composable pointfree funcoids f and g.

Proof. X[go f]V& V£ %9 (go f)X & V4P () (/)X & (f)X []wa( gl ()Y for every
?fe?,ye[ﬁ Thus [go f]=[g]o (f). [go fl=[(f"tog ) ]=[f"" ]‘1=([f‘110<9‘1>)‘15
g_1 —1g .

Theorem 31. Let f and g are pointfree funcoids and A= Dst f =Src ¢ is an atomic poset. Then
for every X € Src f and Z €Dst g

X[go f]Z < Fy € atoms™: (X[f]y A y[g] Z).
Proof.
FOI (g y A y £ () X)
& Jycatoms™: (Z£P509 (g)y Ay C(f)X)

(2

(
= ZAFDI(g)(f)X
& X[go f]Z.

Jy € atoms™: (X[fly A y[g]Z) & Ty <€ atoms™:

Reversely, if X[go f]Z then (f)X[g]Z, consequently exists y € atoms®({ )X such that y[g]Z; we
have X[f]y. O

Theorem 32. Let 2, B, € are posets and ®B is atomic. Then:
1. fo(gUFPEEBIp) = fo gUFCPEO) fop for g, h e FCD(;B) and f € FCD(B; ¢).
2. (gUFPEO )y o f=go fFUFCPRO ho f for f e FCD(;B) and g, h e FCD(B; ¢).

Proof. I will prove only the first equality because the other is analogous.
For every X €2, Y €€

X[fol(g UFCD(:) h)|Z < Jycatoms®: (X[g UFCeDB) hly A y[f]12)

B (

& Jyecatoms®: ((X[gly Vv X[hly) A y[f]2)

& Jy eatoms™: (X[gly A y[f12) v (X[h]y A y[f12))

& Jycatoms®: (X[gly A y[f]2)V Ty € atoms®: (X [h|y A y[f]Z)

& X[fog|ZV X[foh]Z

o X[ngU FCD(Q[;C)th}Z

O
4.6 Domain and range of a pointfree funcoid
Let 2 is a meet-semilattice.
[TODO: Simple (not restricted) identity pointfree funcoids.]

Definition 33. Let A€ 2. The diagonal pointfree funcoid IZCD(Q[) = (2A;0; AN AN,
Proposition 34. The diagonal pointfree funcoid is a pointfree funcoid.
Proof. We need to prove that (AN X) %% V< (AN Y) 4% X what is obvious. O

Obvious 35. (I;CD(Q[))AZIZCD@[).

Obvious 36. X[IZCD(QU} Ve A X2 Yforany X,V €.

Definition 37 I will define restricting of a pointfree funcoid f to an element A € Src f by the
formula f|4= foIFCPEe D,
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Definition 38. Let f is a pointfree funcoid whose source has greatest element.
Image of f will be defined by the formula im f = (f)1.

Definition 39. Domain of a pointfree funcoid f is defined by the formula dom f =imf~! (when
f has a poset with greatest element as its destination).

Proposition 40. (f)X = (f)(X N°°f dom f) for every pointfree funcoid f whose destination is
a separable poset with greatest element and source is a meet-semilattice and X € Src f.

Proof. For every Y € Dst f we have Y #P*f (fy(x 0%/ dom f) #+# 0 &
X ﬁSrcf dom f ﬁSrcf <f71>y 7& 0 X ﬁSrcf imffl ercf <f71>y 7& 0 X ercf <f71>y 7&
0 VAPHF (FYX. Thus (f)X = (f)(X N5/ dom f) by separability of Dst f. O

Proposition 41. X #5°f dom f < ((f)X is not least) for every pointfree funcoid f whose
destination is a poset with greatest element and source is a meet-semilattice and X € Src f.

Proof. X £5fdom f X £5¢f (f"H1e 1£P ()X < ((f)X is not least). a

Corollary 42. dom f = |J5°/{a € atoms®™/ | (f)a # ()} for every pointfree funcoid f whose
destination is a bounded poset and source is an atomistic meet-semilattice.

Proof. For every a € atoms®™/ we have a %5/ dom f < a #5¢/im f~' @ a#5/ (f )1 &

1 (flae (fla#0. So
dom f =|J%°/{a € atoms®/ | a5/ dom f} =J5°F{a € atoms>*f | (f)a+0}. O

Proposition 43. dom f|f4CD(SrC DA nSref dom f for every pointfree funcoid f and A € Src f
where Src f is a meet-semilattice and Dst f has greatest element.

Proof. dom f|;CD(Srcf):im (IZCD(Srcf) o f‘l) _ <Izco(srcf)><f_1>1 = A nSef (1] =
AnStefdom f. 0O

4.7 Category of funcoids

[TODO: Move this up in the text.]
I will define the category FCD® of pointfree funcoids:

e The class of objects are posets.

e The set of morphisms from 2 to B is FCD(2; B).

e The composition is the composition of pointfree funcoids.
e Identity morphism for an object 2 is (2;2; (=)|a; (=) |20)-

To prove that it is really a category is trivial.

4.8 Specifying funcoids by functions or relations on atomic filter objects

Theorem 44. Let 2 is an atomic poset and (B; 31) is a primary filtrator over a boolean lattice.
Then for every f € FCD(2;8) and X €2 we have

(HX = J2((f))atoms™ x.

Proof. For every Y € 3; we have

VAR (HX & XL (Y
& Jrcatoms® Xz £ (Y
& Jrcatoms® XY £ (f)w.

Thus d(f)X = (J (9) ({f))atoms® X = OJP((f))atoms® X (used the theorem 46 in [2]).
Consequently (f)X =J%((f))atoms® X by the corollary 15 in [2]. O
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Theorem 45. Let f is a pointfree funcoid. Then for every X € Src f and Y € Dst f
1. X[f]Y < 3z € atoms>f X: x[f]Y if Src f is an atomic poset.
2. X[f]Y & 3y € atomsPstf Y: X[ f]y if Dst f is an atomic poset.

Proof. I will prove only the second as the first is similar.

If X[f]Y, then Y3 (f)X, consequently exists y € atoms® ) such that y£5 ()X, X[f]y. The

reverse is obvious.

O

Corollary 46. If f is a pointfree funcoid with both source and destination being atomic posets,

then for every X € Src f and Y € Dst f

X[f]Y < Ir € atoms ™ F X | y € atomsPst F Y: 2] f]y.

Proof. Apply the theorem twice.

Theorem 47. Let (A; 30) and (B; 31) are primary filtrators over boolean lattices.
1. A function a € B2°ms™ such that (for every a € atoms?)
aaC (W%QJ‘B o{a)o atomsm>up(m*3°) a
can be continued to the function (f) for a unique f € FCD(2(;B);
U% Yatoms®S X
for every X € 2.
2. A relation § € Z(atoms® x atoms?®) such that (for every a € atoms®, b € atoms
VX cup®39) ¢, Y eup®39p Iz c atoms? X,y € atoms® YV:zdy=adb
can be continued to the relation [f] for a unique f € FCD(2;B);
X[f]Y & Jx € atoms® X,y €atoms® V:xdy
for every X €, Y € 8.

*)

Proof. Existence of no more than one such funcoids and formulas (6) and () follow from the

theorem @4 and corollary 46 and the fact that our filtrators are with separable core.
1. Consider the function o’ € B3¢ defined by the formula (for every X € 3)

o' X = U% a)atoms™
Obviously a’0=0. For every I,J € 3q
a'(IUJ) B(aVatoms® (T U J)
B (a')(atoms® I Uatoms® J)
U‘B(<a Yatoms™ I U (a’)atoms™ .J)
= U‘B ) atoms™® I U® US Yatoms™ J.
= a'IU% o' J.

CC

Let continue o till a funcoid f (by the theorem 24): (f)X =% (a/)yupi30) X
Let’s prove the reverse of (b):
ﬂ% U% ) oatoms® yup*30) g = ﬂ% U‘B ) (atoms®yup(*:39) ¢
AR {{a}}
= (U e d) )
= MU e}
N*{U*aa}} =P {ea} =aa.

N
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Finally,
aa= ﬂ%<U% o () oatoms®)upa= ﬂ%<a’>up@‘?30) a=(f)a,

so (f) is a continuation of «.
2. Consider the relation §’ € &(3¢ x 31) defined by the formula (for every X € 30, Y € 31)
X6'Y & 3rcatoms® X,y catomsP Y:zdy.
Obviously —(X 6’0) and —(06’Y").
(IUJ)3'Y & Jzcatoms?(TUJ),y €atomsTY:zdy

& Jzcatoms® I Uatoms™ J,y €atoms® Y:ady
& Jrcatoms? I,y catoms®Y: 26y V Iz € atoms?J, y € atomsTY: 26y
o I6'YV JS'Y:

analogously X 6’ (IUJ)< X §'TV X 6’ J. Let’s continue §’ till a funcoid f (by the theorem 23):

X[flY e VX cup®3) x Y eup®B3) Y. X §'Y
The reverse of (I7) implication is trivial, so

VX cup®i39) ¢, Y eup®39)p Iz c atoms? X,y € atoms® Y:z dy< adb.

VX eup®30)q, Y cup®B3Vp Iz c atoms? X,y catoms® V:z dy= VX cup®i39) o, Y e up(Pi39)p:
X 'Y & alfb.
So adb< af]b, that is [f] is a continuation of 4. O

One of uses of the previous theorem is the proof of the following theorem:

Theorem 48. Let (2; 3¢) and (9B; 31) are primary filtrators over boolean lattices. If Re ZZFCD(;
B) and z € atoms®, y € atoms™, then

L (NFPEPR)e =NP{(f)z | f€R};
2. [FPEPBIR|y =V f € Rz fly.

Proof.
2. Let denote zdy <V f € R:x[f]y.

VX eup®39) Y cup(Pi39 p 3z € atoms? X, y catoms® Y:z dy <
VfeR, X cup®39q Y cup®31)pIz € atoms® X, y € atoms® V: [ f]ly =
VfeR, X cup®®39)q ¥ cup®39)p: X[f]Y =
Vfe R a[flbe
adb.

So, by the theorem 47, § can be continued till [p] for some p € FCD(2; B).

For every ¢ € FCD(2l;8) such that V f € R: ¢ C f we have z[qly=Vf € R:z[fly< z 0 y< x[p|y,
so g C p. Consequently p:ﬂFCD(%‘B)R.

From this x[ﬂFCD(m;‘B)R]y@Vf € R: z[fy.

1. From the former y € atoms® <ﬂFCD(Q{3§B)R>$ sy n? <ﬂFCD(m;‘B)R>x +0 < VfeR:
yN® (flrz# 0 ye N (atoms®){(f)z | f € R} & y € atoms® N2{(f)z | f € R} for every
Y € atoms®.

B is atomically separable by the corollary 17 in [2]. Thus

(FCE®IR)w=(2{(f)z | feR)}. 0

Theorem 49. Let 2, B, € are posets of filter object over some boolean lattices, f € FCD(2l;B),
g €EFCD(B; ), he FCD(2; €). Then

gof¥he gkho f7L
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Proof.

gof¥*h

Ja € atoms 15 ¢ € atoms 159 a[(go f) N h]c

Ja € atoms 15 ¢ € atoms 15(9): (a[go fle A alh]c

Ja € atoms 154 b € atoms 15(5) | ¢ € atoms 15(9): (a[ f]b A b[g]c A alh]c
3b € atoms 155) ¢ € atoms 15(): (b[gle Ab[ho f e

3b € atoms 155 ¢ € atoms 15(): b[gN (ho f~1)]e

g#ho f7L

)
)
)

ﬁ@ﬁ@@ﬁ

4.9 Direct product of elements

Definition 50. Let 2 and B are posets and A €%, B €B. Direct product of A, B €2 is such a
pointfree funcoid A xFPEE®) B c FCD(A; B) that

X[AXFPABIBIY oo X 4HANY £P B.

Proposition 51. A xFP®) B is really a pointfree funcoid and for every X €2

FCD(2A;8) _ ) Bt A
(A B)X {o if X =2 A,

Proof. Obvious. O

Proposition 52. Let 2 and 9B are bounded posets, f € FCD(;B), A€, B€B. Then

fCAXFEPEEDB) B dom f C AAIm f CB.

Proof. If f C AxFPEEB) B then dom f C dom(A xFPEEBIB)C A, im f Cim(A xFEPEBI B CB.
If dom f CAAIm f C B then

VX e,V eB: (X[f]V=X LS ANV £5B);
consequently f C A xFPEP) 3, O

Theorem 53. Let 2, B are sets of filters over boolean lattices. For every f € FCD(2; B) and
Ael, BeB
f AFCD(A;B) (A 5 FCD(2;8) B) :IZCD(%) o fOI;CD(Ql)_

Proof. From above FCD(2;B) is a (complete) lattice.
hdefIFCD(%) ofo I;CD(Q[). For every X €2
()X = (5P ) (PN X = B (£)(ANT ).

From this, as easy to show, h C f and h C A xFPEB) B If g C f A g C A XxTEPCEEB) B for a
g € FCD(2;B) then dom g C A, im g C B,

(9)X =B (g)(AN*X) CBA® (f) (AN X) = (IFP®) (1) (15 ) x = (n) ¥,
g Ch. So h= fNFCPELDB) (4 FCDRLB) By O

Corollary 54. Let 2(, 9B are sets of filters over boolean lattices. For every f € FCD(2; 98) and
AecU we have f|a=fN(AxFPEE) 1),

Proof. fN (A xFEDED) 1) [FEDE) ¢ [FEDE) _ o [FEDER) _ ¢ O
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Corollary 55. Let 2, 9B are sets of filters over boolean lattices. For every f € FCD(2; 98) and
Aef, BeB we have

FAFCDB) (4  FCD(B) 3y £ ) e A[ £]B.

Proof. f NFCD®) (4 X FED(AB) B) 4 ) 5 ( f AFCOEB) (4 X FDAB) B))] £ <IZCD(%) o

fo IZCD(Q[)>1 40 <1§CD<%>><f)<IjCD(Q‘>>1 L0 BNE (f)ANT1) 40 BN2 (fHA40s
Alf1B. O

Theorem 56. Let 2, B are sets of filters over boolean lattices. Then the poset FCD(2; B) is
separable.

Proof. Let f,g€ FCD(2;B) and f+# g. By the theorem 012 [f]+#£[g]. That is there exist =,y €2
such that z[f]y < z[g]y that is f NFEPEED) (1 FEDEEB) 4y L () g g AFCOEEB) (1 FEDREB) o)y £ ),
Thus FCD(%; B) is separable. O

Theorem 57. Let (2;3¢) and (28; 31) are primary filtrators over boolean lattices. If S € (2 x B)
then

ﬂFCD(Q[;‘B){A ><FCD(Q[;‘B)B | (.A, B) c S} :mmdoms « FCD(2;B) ﬂ%im S.

Proof. If x € atoms® then by the theorem
(LB A XFLABIB | (A;B) e S} )z =(VP{(AXFPLEBIB)z | (4;B)S}.

If N2 N%dom S+ 0 then
V(A; B)€S: (N A£DA (A XFPED) BY 2= B);
{{AXFPLEBI By | (A;B) € S} =im S;
if zN*N%*dom S=0 then
IA;B)€S: (znNPA=0A (A xFLED) BY 3 =0);
{{AXFPRBIBY 2 | (A;B)eS}>0.
So

. : Bim S if zN*N¥dom S # 0;
FCD(2;%B) FCD(2;B) g ‘B e S _ (7imsS i ;
<ﬂ {Ax | (A;B)€S})e { 0 if xN%*MN%*dom S=0.

From this by corollary 46 (taking in account 47 in [2]) follows the statement of the theorem. O

Corollary 58. Let (2;30) and (2B;31) are primary filtrators over boolean lattices.
For every Ag, A1 €2 and By, B; €8

(Ag xFEOELB) By AFCD(AB) (4, 5 FED(AB) By — (4, AFCORAB) 4))  FCD (BoNFEPRB) ).

Proof. (AO « FCD(2;B) BO) ﬁFCD(‘El;%) (Al « FCD(2;%B) Bl) _
ﬂFCD(%‘B){AO xFCDEB) o A, xFCDELD) Bl} what is by the last theorem equal to
(AOQFCD(Q&‘B)Al) XFCD(Q[;‘B) (BO mFCD(Ql;%) Bl) 0

Theorem 59. Let (2;30) and (B;31) are primary filtrators over boolean lattices. If A€ 2 then
A xFEPB) g o complete homomorphism of the lattice 2 to a complete sublattice of the lattice
FCD(2;B), if also A0 then it is an isomorphism.

Proof. Let S € 2%, X € 3¢, « € atoms™.
<UFCD(‘21;%)<A + FCD(2A;B) >S>X — U‘B{<A  FCD(A;B) B>X | Be S}

JUPS ifXn*A£0
]o fXN*A=0
_ <.A ><FCD(Q[;%) U‘BS>X
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Thus UFCD(Q[;%)<A x FED(A:B) y=A xFEDELB)| B G by the theorem 23 (taking in account obvious
20 in [2]).

((YOEBI(AXFPEB) ) gy = (B{(AXFPEHBIBY, | Be S}

_ NZS ifxN*A£0
0 ifen2 A=0

_ (AR (YRgY,
Thus (FEPRB)( 4 xFEPEB) ) g = g xFEPRB) \B G by the theorem AS.
If A+ 0 then obviously the function A x PREB) s injective. O

Proposition 60. Let 2 is a meet-semilattice and B is a poset with least element. If a is an atom
of A, f e FCD(A;B) then fl,=a xFPEB)( f)q,

Proof. Let X e2l.
XN2a£0=(flo)X=(f)a, XN*a=0=(f|.)X=0. O

4.10 Atomic pointfree funcoids

Theorem 61. Let 2, B are sets of filters over boolean lattices. A f € FCD(2; ®B) is an atom of
the poset FCD(A; B) iff there exist a € atoms® and b € atoms® such that f=a xFPEB)p,
Proof.
=. Let f is an atom of the poset FCD(2(; B). Let’s get elements a € atoms® dom f and
b € atoms™(f)a. Then for every X €
X=Ma= (ax"FPEBDXY=0C(f)X, X¥%a= (axFPEBIPXY=bC (f)X.

So a xFEPEEB) b C f. because f is atomic we have f=a xTPEB)p,

<. Let a € atoms®, b € atoms®, f € FCD(; B). If b <5 (f)a then —(a[f]b),
fNFCEP (g xFEPREB) ) = 0 (because A and B are bounded meet-semilattices); if bC ( f)a then
VX €A (X £ a= (f)X Db), f Da x"PEB) ). Consequently fNFELEED) (g 5 FEDERLT) ) —
0V f Da xFPEP) b that is a x TP p is an atomic filter object. O

Theorem 62. Let 2, B are sets of filters over boolean lattices. Then FCD(2; ) is atomic.

Proof. Let f € FCD(2;B) and f#0. Then dom f # 0, thus exists a € atoms® dom f. So (f)a#0
thus exists b € atoms® ( f)a. Finally the atomic pointfree funcoid a x"PB)p C f. O

Theorem 63. Let 2, B are sets of filters over boolean lattices. Then the poset FCD(2; B) is
separable.

Proof. Let f, g € FCD(2;B), f C g. Then taking in account the theorem A4 exists a € atoms®
such that (f)a C (g)a. By corollary 17 in [2] B is atomically separable. So exists b € atoms® such
that (f)anN®b=0 and b C (g)a. For every x € atoms®

(fran® {axFPEB Y g =(fan® b=0,
z#a=(f)znN® (a x FCD(A;B) byz=(f)zn® 0=0.

Thus (f)2zN® (a x b)z =0 and consequently fNFEPEEB) (¢ 5 FCDREB) p) — (.

(@ xFPEEB) b — b C (g)a,
r#a= (ax"PER) ) =0 C (g)a.

Thus <a x FCD(A;B) b>ac C{g)x and consequently a xFEDEB) j C ¢
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So the lattice of funcoids is separable by the theorem 19 in [2]. O

Corollary 64. Let 2, B are sets of filters over boolean lattices. The poset FCD(2; B) is:
1. separable;
2. atomically separable;

3. conforming to Wallman’s disjunction property.
Proof. By the theorem 22 in [2]. O

Remark 65. For more ways to characterize (atomic) separability of the lattice of pointfree funcoids
see [2], subsections “Separation subsets and full stars” and “Atomically separable lattices”.

Corollary 66. Let (2; 3¢) and (28; 31) are primary filtrators over boolean lattices. The poset
FCD(%;B) is an atomistic lattice.

Proof. By the theorem 27 FCD(2(;B) is a complete lattice. Let f € FCD(2;8). Suppose contrary
to the statement to be proved that UFCD(%%)atomsFCD(Q[;%)f C f. Then exists a € atoms™P:3) f
such that aNFEPEB) UFCD(QL;%)atomSFCD(m;%)f =0 what is impossible. O

Proposition 67. Let 2(, *B are sets of filters over boolean lattices.
atomsTCPEEB)(f UFEPEREB) gy — atomsFPRHD) £ U atomsT™ P B) g for every f, g € FCD(2A; B).

Proof. (a x"PB) p) AFCDELB) (¢ JFCDEEB) gy o () o o f UFPED) g1h o a[f]b V alg]b &
(a xFEDEB) ) AFCOELB) ¢ 4y (g xFCPAB) p) AFCDEAB) ¢ L () for every a € atoms® and
b€ atoms® (used the corollary 55 and theorem 29). O

Corollary 68. Let (2; 3¢) and (®B; 31) are primary filtrators over boolean lattices. For every f,
g,h e FCD(2;B), Re LFCD(U;B):

1 f FCD(2A;3) (g FCD(2;B) h)=(f FCD(2A;3) 9) JFCD? (f AFCD(2A;B) h);

)

9. fUFCD(B) mFCD(Q[;‘B)R:mFCD(Ql;‘B)<fUFCD(Ql;‘B) >R.

Proof. We will take in account that the lattice of funcoids is an atomistic lattice (corollary 66).
To be concise I will write atoms instead of atoms™P®) and N and U instead of NFEPE4S) and
UFCD(2:8)

1. atoms(f N (gUAh))=atoms f Natoms(gU h) =atoms f N (atoms g U atoms h) = (atoms f N
atoms ¢) U (atoms f Natoms h) = atoms(f N g) Uatoms(f Nh) =atoms((fNg)U(fNh)).

2. atoms( fU ﬂFCD(m?%)R) = atoms f Uatoms (\FPCEP) R = atoms f U (NFPEE) (atoms) R =
NFEPEEB)((atoms f) U ) (atoms) R = (FLEB) (atoms) (f U ) R = atoms (\FPCEB)(f U)R.
(Used the following equality.)

((atoms f)U)(atoms)R =
{(atoms f)UA | A€ (atoms)R}
{(atoms f)UA | 3C € R: A=atoms C'}
{(atoms f)U (atomsC) | CER} =
{atoms(fUC) | C€ R}
{atoms B | 3IC € R:B= fuC'}
{atoms B | Be(fU)R}
(atoms)(fU).

O

Corollary 69. Let (2;30) and (%B; 31) are primary filtrators over boolean lattices. Then FCD(%;
B) is a co-Brouwerian lattice.
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Proposition 70. Let 2, B, € are sets of filters over some boolean lattices and f € FCD(2; B),
g € FCD(%B; €). Let B is an atomic poset. Then

atoms™ PO (go f) = {& xFPLEO) 2 | 2 € atoms?, » € atoms®, Jy € atoms®: (z x"PEHB)

atomsTCORB) £ A o) 5 FCD(B:C) atomsFCD(%;c)g)}_

Yy e

Proof. (z x"CP(E) ) AFDEO) (g6 £) L0 & afg o f]s & Ty € atoms™: (s[fly A ylgl2)
Jy € atoms®: ((x xTEPEEB) 1) AFEDEREB) ¢ L A (y xFEPBE) o) QFCDB;C) ¢ L () (were used the
corollary 55 and theorem 31). U

4.11 Complete pointfree funcoids

Definition 71. Let 2 and 9B are posets. A pointfree funcoid f € FCD(2(;B) is complete, when for
every S € Z2 whenever both |J%S and |J®((f))S are defined we have

NHUrs=J2ms

Proposition 72. Let A, B are sets of filters over boolean lattices. A pointfree funcoid f € FCD(%;
%) is complete iff (f)a=JP((f))atoms a.

Proof. Direct implication is obvious. The reverse implication follows from that 2( is atomistic. [
Remark 73. Let 3 is a join-semilattice with least element. I will call pointfree generalized closure
such a function « € 33 that

1. a0=0;

2. VI, Je3:a(lU3J)=alBal.
Definition 74. Let (2; 3¢) and (25; 31) are primary filtrators over boolean lattices. I will call a

co-complete pointfree funcoid a pointfree funcoid f € FCD(2(; 9B) such that (f)|5, is a pointfree
generalized closure.

Proposition 75. Let (; 30) and (28;31) are primary filtrators over boolean lattices. Co-complete
pointfree funcoids FCD(2(; B) bijectively correspond to pointfree generalized closures 3 , Where
the bijection is f+ (f)]3,-

Proof. Follows from the theorem 24. O

Theorem 76. Let (2; 3¢) is semifiltered, star-separable, down-aligned filtrator with finitely meet
closed, join-closed, and separable core, where 3 is a complete boolean lattice and both 3¢ and 2
are atomistic lattices.

Let (*B; 31) is a star-separable filtrator.

The following conditions are equivalent for every pointfree funcoid f € FCD(2;B):

1. f~1is co-complete;
2. VS e 22U, Je€31: (UrS[f] = 3L € S: I[f]J);
3. VS € P30,J €31:(U°S[f]J =3 € S:I[f]J);
4. f is complete;
5. VS€ 230 ([)UPS =UP((f))S
Proof. First note that the theorem 53 in [2] applies to the filtrator (2; 30).
(B)=(@). For every Se€ L3, J €31
J3osn® (f 1) T #£0=31e€S: 1% (f~1)J #0, (9)

consequently by the theorem 53 in [2] we have (f~1).J € 3.
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(1)=>(2). For every S e 22, J € 31 we have (f~1)J € 3¢, consequently the formula (9) is true.
From this follows (2).

(2)=(@). Let (f)|J3°S and JZ((f))S are defined. JNT (f)IJ*S+ 0« J*S[f]J<ITeS:
I[flJ 3T eS: INE(f)T+0< JN® JP((f))S #0 (used the theorem 53 in [2]). Thus
(HUAS=UP{(f))S by star-separability of (B;3).

(8)=(8). Let (f){J3°S is defined. Then [JZ((f))S is also defined because (f)|J3°S =
UP((f))S. Then U»S[f]J & J 0® (fUS # 0 « J n® UP((f))S # 0 what by
the theorem 53 in [2] equivalent to 31 € S: JN® (f)I#0 that is 3 € S: I[f]J.

(2)=(3), (@)= (5)). By join-closedness of the core of (2; 3¢). O

Theorem 77. Let (A; 30) and (B; 31) are primary filtrators over boolean lattices and 3¢ is
a complete boolean lattice. If R is a set of co-complete pointfree funcoids in FCD(2; ®B) then

UFCD(Q‘;%)R is a co-complete pointfree funcoid.

Proof. First, conditions of the theorem [76 apply.
Let R is a set of co-complete pointfree funcoids. Then for every X € 3¢

(U Ry x = Jo (X | FeR) €3
(used the theorem 27). O

Let 20 and B are posets with least elements. I will denote ComplFCD (2; 9B) and
CoComplFCD(2L; B) the sets of complete and co-complete funcoids correspondingly from a poset
2 to a poset B with least elements.

Proposition 78.

1. Let f € ComplFCD (2;B) and g € ComplFCD (8; €) where 2l and € are posets with least
elements and B is a complete lattice. Then go f € ComplFCD (2; €).

2. Let f € CoComplFCD (2;8) and g € CoComplFCD (98; €) where 2, B and € are posets with
least elements and (21; 30), (2B;31), (€; 32) are filtrators. Then go f € CoComplFCD (2L; €).

Proof.
1. Let (J*S and |J%((go f))S are defined. Then

(go N S = (o) (N S = ()P NS = JUanUms=J(go r)S.
2. (go f)30=1(9)(f)30 € 32 because (f)30€ 31. O

Proposition 79. Let (2; 30) and (B; 31) are primary filtrators over boolean lattices and 3 is a
complete boolean lattice. Then CoComplFCD(2;B) (with induced order) is a complete lattice.

Proof. Follows from the theorem 77. O

4.12 Completion and co-completion

Definition 80. Let (2; 30) and (2B; 31) are primary filtrators over boolean lattices and 3; is a
complete lattice.

Co-completion of a pointfree funcoid f € FCD (2(;98) is pointfree funcoid CoCompl f defined
by the formula (for every X € 3¢)

(CoCompl f)X =Cor (f)X.

Proposition 81. Above defined co-completion always exists.

Proof. Existence of Cor (f)X follows from completeness of 3.
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We may apply the theorem 24 because
Cor (f)(X U3Y) = Cor((f)X UP (f)Y)=Cor ()X U% Cor (f)Y
by the theorem 65 in [2]. O

Proposition 82. (CoCompl f)X =Cor’ (f)X.
Proof. From the theorem 26 in [2]. (Existence of Cor’ ()X follows from completeness of 3;.) O
Obvious 83. Co-completion is always co-complete.

Obvious 84. For above defined always CoCompl f C f.

4.13 Monovalued pointfree funcoids

Definition 85. Let 2 and 9B are posets. Let f € FCD(2(;B).
The pointfree funcoid f is:

e monovalued when fo f~1C1g.

e injective when f~lo f Clg.
Monovaluedness is dual of injectivity.

Proposition 86. Let 2 and B are posets. Let f € FCD(;B).
The pointfree funcoid f is:
e monovalued iff fo f~1C Ii';nc?(%) if B is a meet-semilattice;

e injective iff f~lo f C Igfn?(fm) if 2 is a meet-semilattice.

Proof. Enough to prove fo f71Cly s fo f~1C Ii':rg?(%).

<. Obvious.
=. Let fof !1Clg. Then (fo f~YaCxand (fo f )z Cim f. Thus (fo f~HzCarNPim f=

<1§§'§<%>>x. Thus fo f~1C IFEO™), 0

Theorem 87. Let 2 is an atomistic poset, B is a poset with least element. The following state-
ments are equivalent for every f € FCD(2l;B):

1. f is monovalued.

2. Va € atoms™: (f)a € atoms™ U {0}.

VL, TJeA:A{fNINET)=(fHINZ(fHT.

Proof.
(2)=(3). Let a € atoms®, (f)a=». Then because b € atoms® U {0}

ZNEPT)NBb£0=2INT b+0ATNBb40;
alf(ZN® T) < alfITA alf]T;
ZE D MNasZlfan T[f e
aM* (fTHNINET)#0ean™ (fTHIFON an® (f7H)T #0;
QPP (FYTODT) 406 ar® (FHT O (71T £0;
(fHENPT) = (NI (1T
B)=(1). (fHan* {(f~Hb=(f"H(an*b)=(f~10=0 for every two distinct a,b € atoms™.
This is equivalent to =((f~a[f]b); bN* (FY{(fHa=0; bN* (fo f~Ha=0; =(a[f o f~1]b).
So a[f o f~b=a =10 for every a, b € atoms™. This is possible only (corollary 46) when
fof'Cly.
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—(2)=—(T). Suppose (f)a¢ atoms™ U {0} for some a € atoms®. Then there exist two atoms
p# gsuch that (f)a2pA(f)a2Dq. Consequently pNT (fla+0;an®{(fHp#£0;aC(fVp;
(fofNp={f"Np2(fla2q (fof)pLpand (fo f h)p+#0. Soit cannot be
fof'Cly. O

Theorem 88. Let 2 is separable distributive lattice with least element, (2B; 3) is a primary filtrator
over a boolean lattice. A pointfree funcoid f € FCD(2(;8) is monovalued iff

VI, JE3:(f~HINJ)={f~VIn*{f~1J.

Proof. 2 is a complete lattice (corollary 8 in [2]).
=-. Obvious.

< (fHEZNP ) =N"F N T) =N NIN T TeuwZ, Jeu J}=
NI T) [ TeuwpT, Jeuw Tr=NH(fHN* (fH)J [I€uwpl, JeupJ}=
NMHF DI TewpZ " OVS{(fF DT | JeupT}=(fHIN*(f~1)T (used theorem 23,
theorem 34 in [2], theorem I3, theorem 48 in [2]). O

4.14 Elements closed regarding a pointfree funcoid
Let 2 is a poset with least element. Let f € FCD(2(;2().

Definition 89. Let’s call closed regarding a pointfree funcoid f such element A €2l that (f)AC A.

Proposition 90. If Z and J are closed (regarding pointfree funcoid f), S is a set of closed elements
(regarding pointfree funcoid f € FCD(2; %)), then

1. ZU* J is a closed element, if Dst f is a separable distributive lattice with least element;

2. ™S is a closed element.

Proof. (f)(Z % J7) = (/)T US (f)J €T UF J (theorem 13), (/)NS5 € NX(F)S C N3S.
Consequently the elements ZU% J and (%S are closed. O

Proposition 91. If S is a set of elements closed regarding a complete pointfree funcoid f, then
the element | J57°/S is also closed regarding our funcoid.

Proof. <f>USYCfS=UDStf<<f>>SQUDSth. 0

4.15 Connectedness regarding a pointfree funcoid
Let 2 is a poset with least element. Let f € FCD(2;2L).

Definition 92. An element A €% is called connected regarding a pointfree funcoid p over 2 when

VA, Y eA\ {0} (X U2 Y = A= X[]Y).

Proposition 93. Let (2;3) is a co-separable filtrator. An A € 3 is connected regarding a funcoid

w iff
VX, Y e 2U\{0}: (X U3Y = A= X[u]Y).
Proof.
=>. Obvious.
<. Follows from co-separability. O

Obvious 94. For 2 being a set of filters over a boolean lattice, an element A € 2 is connected
regarding a funcoid g iff it is connected regarding the funcoid pNFEPREA) (4 xFEDRLA) 4y,
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