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Abstract

Defined partially ordered dagger categories. For such categories defined monovalued mor-
phisms and entirely defined morphisms.
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1 Partially ordered categories

Definition 1. I will call a partially ordered (pre)category a (pre)category together with partial
order C on each of its Hom-sets with the additional requirement that

fi€faANgiCga=gi0 fiCge0 fo

for any morphisms f1, g1, fo, g2 such that Src f; = Src fo A Dst f; = Dst f = Src g1 = Src go A
Dst g1 = Dst gs.

2 Dagger categories

Definition 2. I will call a dagger precategory a precategory together with an involutive con-
travariant identity-on-objects prefunctor z+—s z.

In other words, a dagger precategory is a precategory equipped with a function x — z' on its
set of morphisms which reverses the source and the destination and is subject to the following
identities for every morphisms f and g:

L fiT=f;
2. (go f)T=flogl

Definition 3. I will call a dagger category a category together with an involutive contravariant
identity-on-objects functor z — zT.

In other words, a dagger category is a category equipped with a function z+— zt on its set of
morphisms which reverses the source and the destination and is subject to the following identi-
ties for every morphisms f and ¢ and object A:

L fii=7;
2. (go f)T=fTogh
3. (1a)t=14.

Theorem 4. If a category is a dagger precategory then it is a dagger category.

Proof. We need to prove only that (14)"=14. Really

(La) =) ola=(1a) o (10)T=((1a) 0 1a)T=(14)TT=14. O
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2 SECTION 2

For a partially ordered dagger (pre)category I will additionally require (for any morphisms f
and ¢)

ficgte fCy.

Definition 5. A morphism f of a dagger category is called unitary when it is an isomorphism
and ff=f—1

Definition 6. Symmetric (endo)morphism of a dagger precategory is such a morphism f that

f=1t.
Definition 7. Transitive (endo)morphism of a precategory is such a morphism f that f= fo f.

Theorem 8. The following conditions are equivalent for a morphism f of a dagger precategory:

1. f is symmetric and transitive.
2. f=ftof.
Proof.
(1) = (2). If f is symmetric and transitive then fTo f= fo f= f.
(2)=> (). f1=(fTo f)i=flofiT=flo f=f, so f is symmetric. f=flof=fof, sof
O

is transitive.

2.1 Monovalued and entirely defined morphisms

Definition 9. For a partially ordered dagger category I will call monovalued morphism such a
morphism f that fo fTC1pg ;.

Definition 10. For a partially ordered dagger category I will call entirely defined morphism
such a morphism f that ffo f D lge I

Definition 11. For a given partially ordered dagger category C' the category of monovalued
(entirely defined) morphisms of C is the category with the same set of objects as of C and the
set of morphisms being the set of monovalued (entirely defined) morphisms of C' with the com-
position of morphisms the same as in C.

We need to prove that these are really categories, that is that composition of monovalued
(entirely defined) morphisms is monovalued (entirely defined) and that identity morphisms are
monovalued and entirely defined.

Proof.

Monovalued. Let f and g are monovalued morphisms, Dst f =Srcg. (go f)o(go f)f=go
foftogiCgolpsgyrogl=golsecgogl=gog" Clpstg=lpsi(gos) S0 go f is mono-
valued.

That identity morphisms are monovalued follows from the following: 140 (1 A)T =140
1A: 1A: 1DstlA g 1Dst1A~

Entirely defined. Let f and g are entirely defined morphisms, Dst f =Src g. (go f)fo(go
f)=floglogof2 flolsicgof=flolpssof=fTof2lswcs=1sc(gos) Sogofis
entirely defined.

That identity morphisms are entirely defined follows from the following: (14) o 14 =
laola=1a=1src1, Clsrcin- U



