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Abstract

Studied in details properties of filters on lattices, filters on posets, and certain
generalizations thereof. Also done some more general lattice theory research.
Posed several open problems. Detailed study of filters is required for my ongoing

research which will be published as ” Algebraic General Topology” series.
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1. Preface

This article is intended to collect in one document the known properties of
filters on posets (and some generalizations thereof, namely “filtrators” defined
below).

It seems that until now were published no reference on the theory of filters.
This text is to fill the gap.

This text will also serve as the reference base for my further articles. It is
too hard to find theorems about filters in the literature and even to check if a
particular theorem is proved somewhere in the literature. This text provides a
definitive place to refer as to the collection of theorems about filters.

Detailed study of filters is required for my ongoing research which will be
published as ” Algebraic General Topology!’ series.

In place of studying filters in this article are instead researched what the au-
thor calls “filter objects”. Filter objects are basically the lattice of filters ordered
reverse to set inclusion, with principal filters equated with the poset element
which generates them. (See below for formal definition of “filter objects”.)

Although our primary interest are properties of filters on a set, in this work
are instead researched the more general theory of “filtrators” (see below).

2. Notation and basic results

‘We degofte PS the set of all subsets of a set S.
(f)X = {fx | =€ X} for any set X and function f.

2.1. Intersecting and joining elements

Let 2 is a poset with least element 0.
Definition 1 [ will call elements a and b intersecting and denote a % b when

JeeA:(c£0ANcCancCh).

Definition 2 a < b < —(a #£b).
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Obvious 1 If2 is a meet-semilattice with least element 0 then a %4 b < anNb #
0.

Obvious 2 ag £ by ANa1 2 ag Aby D by = a1 % by.
Let now 2 is a poset with greatest element 1.
Definition 3 [ will call elements a and b joining and denote a = b when
PeeA:(c#£1AcDaAcDb).

Definition 4 a £ b % ~(a = b).

Obvious 3 Intersecting is the dual of non-joining.

Obvious 4 If U is a join-semilattice with greatest element 1 then a = b <
aUb=1.

Obvious 5 ag =bgAay 2 ag Aby D by = a1 = by.

2.2. Atoms of a poset

I will denote (atoms®a) or just (atomsa) the set of atoms contained in
element a of a poset 2 with least element.

Definition 5 A poset 2 with least element is called atomic when Ya € A\ {0} :
atomsa # ().

Definition 6 Atomistic lattice is such lattice that a = |Jatomsa for every
element a of this lattice.

Proposition 1 Let 2 is a poset with least element. If a is an atom of A and
B e thena C B< a % B.

Proof

= aC B=aCaAaC B, thus a # B because a # 0.

< a ¥ B implies existence of  # 0 such that x C B and = C a. Because a is
an atom, we have x = a. So a C B.

O

Theorem 1 If 2 is a distributive lattice with least element then
atoms(a Ub) = atomsa U atoms b

for every a,b € 2.



Proof For any atomic element ¢

¢ € atoms(a U b)
cN(aUb)#0
(cNa)U(end)#0
cNa#0VeNb#0

c € atomsa V ¢ € atomsb.

to o

O

Theorem 2 atoms()S = () (atoms) S whenever (S is defined for every S €
PA where A is a poset with least element.

Proof For any atom ¢

ce atomsﬂ S

cgﬂS

YVaeS:cCa

Va € S:c € atomsa
ce ﬂ (atoms) S.

KO

O

Corollary 1 atoms(a Nb) = atomsa N atomsbd for arbitrary meet-semilattice
with least element.

Theorem 3 A complete boolean lattice is atomic iff it is atomistic.

Proof

< Obvious.

= Let 2 is an atomic boolean lattice. Let a € 2. Suppose b = | Jatomsa C a.
If x € atoms(a \ b) then  C a \ b and so z C a and hence  C b. But we
have x = 2 Nb C (a\ b) Nb = 0 what contradicts to our supposition.

O

2.3. Difference and complement

Definition 7 Let 2 is a distributive lattice with least element 0. The differ-
ence (denoted a \ b) of elements a and b is such ¢ € A that bNc = 0 and
aUb=>bUc. T will call b substractive from a when a\ b exists.



Theorem 4 If A is a distributive lattice with least element 0, there exists no
more than one difference of elements a,b € 2.

Proof Let ¢ and d are both differences a \ b. Then bNe =bNd = 0 and
aUb=bUc=bUd. So

c=cnN®Uc)=cn(®Ud)=(cnb)U(cnd)=0U(cNd)=cnNd.

Analogously, d = dN¢. Consequently c=cNd=dNc=d. O

Definition 8 I will call b complementive to a when there exists ¢ € A such
thatbNc=0 and bUc = a.

Proposition 2 b is complementive to a iff b is substractive from a and b C a.
Proof

< Obvious.

= We deduce b Ca frombUc=a. ThusaUb=a=>bUc.

Proposition 3 If b is complementive to a then (a\b)Ub = a.

Proof Because b C a by the previous proposition. O

Definition 9 Let 2 is a bounded distributive lattice. The complement (de-
noted a) of element a € A is such b € A that aNb=0 and aUb = 1.

Proposition 4 If 2 is a bounded distributive lattice then a =1\ a.
Proof b=a<bNa=0AbUa=1<bNa=0A1Ua=aUbsb=1\a. O

Corollary 2 If2 is a bounded distributive lattice then exists no more than one
complement of an element a € 2.

Definition 10 An element of bounded distributive lattice is called comple-
mented when its complement exists.

Definition 11 A distributive lattice is a complemented lattice iff every its
element 1s complemented.

Proposition 5 For a distributive lattice (a \b) \ ¢ =a\ (bUc) if a\ b and
(a\ b) \ ¢ are defined.



Proof ((a\b)\¢c)nNec=20; ((a\b)\c)Uec = (a\b)Ugc (a\b)Nb=0;
(a\b)Ub=aUb.
}Nefneed to prove ((a\b)\c)N(bUc) = 0 and ((a\b)\c)U(bUc) = aU(bUc).
n fact,

&

— D
so s
> o cCc 2
>t o O
N
<o

so ((a\b)\ )N (bUc) = 0;

((a\b)\e)U(bUc) =

(((a\b)\c)Uc)Ub =

(a\b)UCUb =

((a\b)Ub)Uc =
aUbUec.

2.4. Center of a lattice

Definition 12 The center Z() of a bounded distributive lattice 2 is the set
of its complemented elements.

Remark 1 For definition of center of non-distributive lattices see [3].

Remark 2 In [9] the word center and the notation Z(2l) is used in a different
sense.

Definition 13 A complete lattice 2 is join infinite distributive when x N
US =U&n) S; complete lattice is meet infinite distributive when U S =
N (zU) S for all x € A and S € PA.

Definition 14 Infinitely distributive complete lattice is a complete lattice
which is both join infinite distributive and meet infinite distributive.

Definition 15 A sublattice K of a complete lattice L is a closed sublattice of
L if K contains the meet and the join of any its nonempty subset.

Theorem 5 Center of a infinitely distributive lattice is its closed sublattice.

Proof See [6]. O



Remark 3 See [7] for a more strong result.

Theorem 6 The center of a bounded distributive lattice constitutes its sublat-
tice.

Proof Let 2 is a bounded distributive lattice and Z (%) is its center. Let
a,b € Z(A). Consequently a,b € Z(A). Then aUb is the complement of a N'bd
because

b)=(anbna)U(anbnb)=0U0=0 and
=(aUaub)Nn(buaub) =1N1=

S
S—
|
—

So a N b is complemented, analogously a U b is complemented. O

Theorem 7 The center of a bounded distributive lattice constitutes a boolean
lattice.

Proof Because it is a distributive complemented lattice. (Il

2.5. Galois connections

See [1] and [5] for more detailed treatment of Galois connections.

Definition 16 Let 2 and B are two posets. A Galois connection between 2
and B is a pair of functions f = (f*; fi) with f*: A — B and f. : B — A such
that:

Veed,yeB: (ffaCPyezC? fy).

[+« is called upper adjoint of f* and f* is called lower adjoint of f.

Theorem 8 A pair (f*; fi) of functions f* : A — B and f. : B — A is a
Galois connection iff both of the following:

1. f* and f. are monotone.
2.2 C* f.f*x and f*f.y CT y for every x € A and y € B.
Proof

= 2. 2 C¥ f,f*x since f*x C® f*z; f*f.y CF ysince foy C¥ foy.

1. Let a,b € A and a C%* b. Then a C¥* b C¥ f«f*b. So by definition
f*a C f*b that is f* is monotone. Analogously f, is monotone.

< ffaCPy= f.f*x C* fur = 2 C* f.y. The other direction is analogous.

O

Theorem 9



1. f*o f.o f*= f*.
2. feof*ofi=fu.
Proof

1. Let z € A. We have = C* f.f*z; consequently f*z C%® f*f.f*z. On the
other hand, f*f.f*x C® f*z. So f*f.f*x = f*x.

2. Analogously.

Proposition 6 f*o f, and f. o f* are idempotent.
Proof f*o f, is idempotent because f*f.f* fiy = f*fxy. f« o f* is similar. [J

Theorem 10 FEach of two adjoints is uniquely determined by the other.

Proof Let p and g are both upper adjoints of f*. We have for all z € 2 and
y € ‘B:
z Cply) & flx) Sy e xCqy).

For z = p(y) we obtain p(y) C ¢(y) and for x = ¢(y) we obtain ¢(y) C p(y). So
p(y) = q(y)- O

Theorem 11 Let f is a monotone function from 2 to 5.

1. Both:

1. If g(b) = max{z € A | fx C b} is defined for every b € B then g is the
upper adjoint of f.

2. If g is the upper adjoint of f then g(b) = max{z € A | fx C b} for every
be®B.

2. Both:

1. If g(b) = min{z € A | fz Db} is defined for every b € B then g is the
lower adjoint of f.

2. If g is the lower adjoint of f then g(b) = min{xz € A | fx D b} for every
be B.

Proof We will prove only the first as the second is its dual.
1. Let g(b) = max{z € A | fx C b} for every b € B. Then
rCogyesrCmax{z el | frCy}l= fxCy
(because f is monotone) and
rCgysxCmax{x e | fr Cy} < fxCy.

So fx Cy < x C gy that is f is the lower adjoint of g.



2. We have

g(b) =max{z e | frCb} <
fgbCTbAVz ed: (fr Cb= fgbCTbh) <«
fgb<b

what is true by properties of adjoints.

Theorem 12 Let f is a function from a poset 2 to a poset B.
1. If f is an upper adjoint, f preserves all existing infima in 2A.

2. If A is a complete lattice and f preserves all infima, then f is an upper
adjoint.

8. If [ is a lower adjoint, f preserves all existing suprema in 2.

4. If A is a complete lattice and f preserves all suprema, then f is an lower
adjoint.

Proof We will prove only first two items because the rest items are similar.

1. Let S € PA and (S exists. f[)S is a lower bound for (f)S because f is
order-preserving. If a is a lower bound for (f).S then Vx € S : a C fz that is
Vz € S :x C ga where g is the lower adjoint of f. Thus (]S C ga and hence
FNS Ca. So f(S is the greatest lower bound for (f) S.

2. Let 20 is a complete lattice and f preserves all infima. Let g(a) = ({z € A | fz D a}.
Since f preserves infima, we have

Flg(a)) = ({f(2) | z €2, f(z) 2a} 2 a.

g(f() =M{zeA | fz 2 fb} Cb.
So f is the upper adjoint of g.

O

Corollary 3 Let f is a function from a complete lattice 2 to a poset B. Then:
1. f s an upper adjoint iff f preserves all infima in 2A.

2. f is a lower adjoint iff f preserves all suprema in 2.

10



2.6. Co-Brouwerian Lattices

Definition 17 Let U is a poset with least element. Let a € A. Pseudocom-
plement of a is
max{ce | cxa}.

If z is pseudocomplement of a we will denote z = a*.

Definition 18 Let 2 is a poset with greatest element. Let a € . Dual pseu-
docomplement of a is

min{ce A | c=a}.
If 2 is dual pseudocomplement of a we will denote z = a™.

Definition 19 Let 2 is a join-semilattice. Let a,b € A. Pseudodifference of
a and b s
min{zeA | aCbUz}.

If z is a pseudodifference of a and b we will denote z = a \* b.

Remark 4 I do not require that a* is undefined if there are no pseudocom-
plement of a and likewise for dual pseudocomplement and pseudodifference. In
fact below I will define quasicomplement, dual quasicomplement, and quasidif-
ference which will generalize pseudo-* counterparts. I will denote a* the more
general case of quasicomplement than of pseudocomplement, and likewise for
other notation.

Obvious 6 Dual pseudocomplement is the dual of pseudocomplement.

Definition 20 Co-brouwerian lattice is a lattice for which is defined pseu-
dodifference of any two its elements.

Proposition 7 FEvery co-brouwerian lattice A has least element.

Proof Let ais an arbitrary lattice element. Then a\*a =min{z €A | a CaUz} =
min . So min 2 exists. O

Definition 21 Co-Heyting lattice is co-brouwerian lattice with greatest ele-
ment.

Theorem 13 For a co-brouwerian lattice a U — is an upper adjoint of — \* a
for every a € 2.

Proof g(b)=min{x €A | aUz Db} =b\*a exists for every b € 2 and thus
is the lower adjoint of a U —. O

Corollary 4 Va,z,y € A: (z\*a Cy < x C alUy) for a co-brouwerian lattice.

11



Definition 22 Let a,b € 2 where 2 is a complete lattice. Quasidifference a\*b
is defined by the formula

a\*bzﬂ{zeﬂ | aCbUz}.

Remark 5 The more detailed theory of quasidifference (as well as quasicom-
plement and dual quasicomplement) will be considered below.

Lemma 1 (a\*b)Ub = aUb for elements a, b of a meet infinite distributive
complete lattice.

Proof

(a\*b)Ub =
ﬂ{z€ﬂ|agbUz}Ub =
({zUb | zeAaCbuz} =

({teA | t2baCt} =
aUb.

Theorem 14 The following are equivalent for a complete lattice A:
1. A is meet infinite distributive.

2. A is a co-brouwerian lattice.

3. A is a co-Heyting lattice.

4. aU— has lower adjoint for every a € 2.

Proof

(2)<(3) Obvious (taking in account completeness of ).

(4)=(1) Let —\*a is the upper adjoint of aU—. Let S € PA. For everyy € S
we have y O (aUy) \* a by properties of Galois connections; consequently

y 2 (N(av) $)\"a; NS 2 (N (aV) S) \" a. So
aU(S2((("(av)S)\*a)Ua 2 () (aV) S.
But a U S € () {aU) S is obvious.

(1)=(2) Leta\*b=N{z €A | a CbUz}. Toprove that 2 is a co-brouwerian
lattice is enough to prove that a C bU (a \* b). But it follows from the
lemma.

12



(2)=4) a\*b =min{ze2A | aCbUz}. So aU — is an upper adjoint of
—\*a.

(1)=(4) Because a U — preserves all meets.

Corollary 5 Co-brouwerian lattices are distributive.

The following theorem is essentially borrowed from [g]:

Theorem 15 A lattice A with least element 0 is co-brouwerian with pseudodif-
ference \* iff \* is a binary operation on A satisfying the following identities:

1. a\*a=0;

2. aU(b\*a) =aUb;

3. bU(b\* a)=b;

4. U \*a=(b\"a)U(c\"a).
Proof

< We have
cO2b\"a=cUaDaU((b\"a)=aUbD
cUaDdb=c=cU(c\"a) 2 (a\*a)U(c\"a)=(aUc)\"a 2 b\*a.

Soc2b\*a< cUa Db that is a U — is an upper adjoint of — \* a. By
a theorem above our lattice is co-brouwerian. By an other theorem above
\* is a pseudodifference.

= 1. Obvious.
2.

aU®\"a) =

aUﬂ{zEQl | bCaUz}

ﬂ{aUz | zeA,bCaUz} =
aUb.

3. bUb\*a)=bUN{zedA | bCaUz}=N{bUz | zeA,bCaUz}=
b.

13



4. Obviously (bUc)\*a 2 b\*a and (bUc)\*a 2 c\*a, thus (bUc)\*a 2
(b\*a) U (¢ \* a). We have

(b\"a)U(c\"a)Ua =

((b\* @) Ua) U((c\" @) Ua)
(bUa)U (cUa)

aUbUc

bUec.

V)

From this by the definition of adjoints: (b\*a)U(c\*a) D (bUc)\*a.

O

Theorem 16 (JS)\*a=U{z\*a | z€ S} foracA and S € PA where A
18 a complete co-brouwerian lattice.

Proof Because lower adjoint preserves all suprema. 0

Theorem 17 (a \*b) \* ¢ = a \* (bUc) for elements a, b, ¢ of a complete
co-brouwerian lattice.

Proof a\*b=N{ze€2A | albUz}.

(a\*0)\*c={ze€A | a\*"bCcUz}.

a\*(bUc)=N{zeA | aCbUcUz}.

Left to prove a\*b CcUz<a CbUcUz.

Let a\*b C cUz. Then aUb C bUcU z by the lemma and consequently
aCbUcUz.

Let a CbUcUz. Then a\*b C (bUcUz)\*b C cUz by a theorem above. [J

3. Straight maps and separation subsets

8.1. Straight maps

Definition 23 Let f is a monotone map from a meet-semilattice A to some
poset B. I call f a straight map when

Va,be A : (fa C fb= fa= f(anb)).

Proposition 8 The following statements are equivalent for a monotone map

f:

1. f is a straight map.

2. Va,beA: (faC fb= faC f(anb)).
3. Va,beA: (faC fb= fa Hf(and)).

14



4. Ya,b e A: (faDd flanbd) = fa € fb).
Proof

(1)=(2)<(3) Due fa D f(anb).
(3)<(4) Obvious.

O

Remark 6 The definition of straight map can be generalized for any poset 2L
by the formula

Va,beA: (faC fb=3ceUA: (cCancCbA fa= fc)).
This generalization is not yet researched however.

Proposition 9 Let f is a monotone map from a meet-semilattice 2 to some
poset B. If
Va,be A : (f(anb) = fan fb)

then f is a straight map.
Proof Let fa C fb. Then f(aNbd) = fan fb= fa. O
Proposition 10 Let f is a monotone map from a meet-semilattice 2L to some

poset B. If
Va,beA: (faC fb=a Ch)

then f is a straight map.

Proof faC fo=aCb=a=anb= fa= f(anNb). O
Theorem 18 If f is a straight monotone map from a meet-semilattice A then
the following statements are equivalent:

1. f 4s an injection.

2. Va,beA: (faC fb=aCh).

3. Va,beA:(aCb= faC fb).

4. Ya,beU:(aCb= fa# fb).

5. Va,beA:(aCb= fa D fb).

6. Ya,beA: (fa C fb=a Db).

Proof

15



(1)=(3) Let a,b € A. Let fa = fo = a=0>. Let a Cb. fa # fb because
a#b. fa C fbbecause a Cb. So fa C fb.

(2)=(1) Let a,be . Let faC fb=a Cb. Let fa= fb. Thena CbAbC a
and consequently a = b.

(3)=(2) Let Va,be A: (a Cb= faC fb). Let a £ b. Then a D anb. So
fa> fland). If fa C fbthen fa C f(aNb) what is a contradiction.

(3)=(5)=(4) Obvious.
(4)=(3) Because a Cb=a Cb= fa C fb.

(5)<(6) Obvious.

3.2. Separation subsets and full stars

Definition 24 dya = {z €Y | z % a} for an element a of a poset A with least
element and Y € PA.

Definition 25 Full star of a is xa = Jya.

Proposition 11 If 2 is a meet-semilattice, then x is a straight monotone map.

Proof Monotonicity is obvious. Let xa € *(a Nb). Then exists € %a such
that x ¢ x(aNb). So xNa ¢ *b but z Na € xa and consequently xa € xb. O

Definition 26 A separation subset of a poset A with least element is such
its subset Y that
Va,be A: (Oya=0yb=a=0»b).

Definition 27 [ call separable such poset with least element that x is an in-
jection.

Obvious 7 A poset with least element is separable iff it has separation subset.

Definition 28 A poset 2 with least element has disjunction property of
Wallman iff for any a,b € A either b C a or there exists an element ¢ C b such
that ¢ # 0 and a < c.

Theorem 19 For a meet-semilattice with least element the following statements
are equivalent:

1. A is separable.

2. Va,beA: (xa Cxb=aCh).

16



. Va,beA: (a Cb= xa C *b).

. Va,be A

3 )
4. Ya,b e : (a Cb= *a #£ «b).
5 a C b= %a D *b).

)

(
(
(
6. Ya,b € A: (xa Cxb= a Db).

7. A conforms to Wallman’s disjunction property.

8 Va,beA: (aCb=TeeA\{0}: (cxaAcCTh)).
Proof

(1)=(2)<(3)=(4)=(5)<=(6) By the above theorem.

(8)=(4) Let disjunction property of Wallman holds. Let a C b. Then exists
element ¢ C b such that ¢ # 0 and cNa = 0. But cNb # 0. So xa # *b.

(2)=(7) Let 2 is separable. Let a € b. Then xa € *b that is exists ¢ € *a such
that ¢ ¢ b, in other words cNa # 0 and ¢Nb = 0. Let d = ¢cNa. Then
d Caandd#0anddNb=0. So disjunction property of Wallman holds.

(7)=(8) Obvious.

(8)=(7) Letb ¢ a. Then aNb C bthatisa’ C b where @’ = anb. Consequently
Jee A\ {0} : (e xa’AcCbh). WehavecNa=cNbNa=cNa'. SocCh
and ¢cNa = 0. Thus Wallman’s disjunction property holds.

O

8.8. Atomically separable lattices

Proposition 12 “atoms” is a straight monotone map (for any meet-semilattice
with least element).

Proof Monotonicity is obvious. The rest follows from the formula
atoms(a Nb) = atomsa N atoms b

(the corollary ). O

Definition 29 [ will call atomically separable such a poset with least element
that “atoms” is an injection.

Proposition 13 Any atomistic lattice with least element is atomically separa-

ble.

17



Proof We need to prove that atomsa = atomsb = a = b. But it is obvious
because
a= U atomsa and b= U atomsb.

d

Theorem 20 If a lattice with least element is atomic and separable then it is
atomistic.

Proof Suppose the contrary that is a D |Jatomsa. Then, because our lattice
is separable, exists ¢ € 2 such that ¢ Na # 0 and ¢N|Jatomsa = 0. There
exist atom d C ¢ such that d C ¢cNa. dN|Jatomsa C ¢N|Jatomsa = 0. But
d € atomsa. Contradiction. (I

Theorem 21 Any atomistic lattice with least element is atomically separable.

Proof Let 2 is an atomistic lattice. Let a,b € 2, a C b. Then |Jatomsa C
(Jatoms b and consequently atomsa C atomsb. O

Theorem 22 Let A is an atomic meet-semilattice with least element. Then the
following statements are equivalent:

1. A is separable.

2. 2 is atomically separable.

3. A conforms to Wallman’s disjunction property.

4. Va,beUA:(aCb=FceA\{0}: (cxaAcTh)).
Proof

(1)< (3)<(4) Proved above.

(2)=(4) Let our semilattice is atomically separable. Let a C b. Then atomsa C
atoms b and so exists ¢ € atomsb such that ¢ ¢ atomsa. ¢ # 0 and ¢ C b;
¢ ¢ a, from which (taking in account that ¢ is an atom) ¢ C b and cNa = 0.
So our semilattice conforms to the formula (4).

(4)=(2) Let formula (4) holds. Then for any elements a C b exists ¢ # 0 such
that ¢ C b and cNa = 0. Because 2 is atomic there exists atom d C ¢. d €
atomsb and d ¢ atomsa. So atomsa # atomsb and atomsa C atomsbd.
Consequently atomsa C atomsb.

O

18



4. Filtrators

Definition 30 I will call a filtrator a pair (2;3) of a poset A and its subset
3 C A 1 call AU the base of a filtrator and 3 the core of a filtrator.

Definition 31 T will call a lattice filtrator a pair (2;3) of a lattice A and its
subset 3 C 2.

Definition 32 T will call a complete lattice filtrator a pair (2;3) of a com-
plete lattice A and its subset 3 C 2.

Definition 33 I will call a central filtrator a filtrator (A; Z(2A)) where Z(A)

is the center of a bounded lattice 2.

Remark 7 One use of filtrators is the theory of filters where the base lattice
(or the lattice of principal filters) is essentially considered as the core of the
lattice of filters. See below for a more exact formulation. Our primary interest
is the properties of filters on sets (that is the filtrator of filters on a set), but
instead we will research more general theory of filtrators.

Remark 8 An other important example of filtrators is filtrator of funcoids
whose base is the set of funcoids |12] and whose core is the set of binary relations
(or discrete funcoids).

Definition 34 [ will call element of a filtrator an element of its base.
Definition 35 upa ={c€ 3 | ¢ 2 a} where a € A.

Definition 36 downa ={c€ 3 | ¢ C a} where a € 2.

Remark 9 I have used “down” in an other sense in an earlier version of this
text.

Obvious 8 “up” and “down” are dual.

The main purpose of this text is knowing properties of the core of a filtrator
to infer properties of the base of the filtrator, specifically properties of up a for
every element a.

Definition 37 I call a filtrator with join-closed core such filtrator(2; 3) that
U3S =S whenever |J3S exists for S € PA.

Definition 38 I call a filtrator with meet-closed core such filtrator (2; 3) that
N3S =N2S whenever (38 exists for S € PA.

Definition 39 [ call a filtrator with finitely join-closed core such filtrator
(A; 3) that a U3 b= a U* b whenever a U3 b exists for a,b € 3.
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Definition 40 [ call o filtrator with finitely meet-closed core such filtrator
(A;3) that a N3 b=an®b whenever aN3 b exists for a,b € 3.

In practice we will deal mainly with filtrators with join-closed cores. Proving
that a filtrator is with finitely meet-closed core may be a difficult problem. For
example as of today it is not known whether the filtrator of funcoids is with
finitely meet-closed core.

Definition 41 Filtered filtrator is a filtrator (2;3) such that Va € A : a =
N upa.

Definition 42 Prefiltered filtrator is a filtrator (2;3) such that “up” is in-
jective.

Definition 43 Semifiltered filtrator is a filtrator (A;3) such that
Va,be A : (upa D2 upb=a Ch).
Obvious 9 o FEvery filtered filtrator is semifiltered.

o FEvery semifiltered filtrator is prefiltered.

Obvious 10 “up” is a straight map from A to the dual of the poset P3 if (2;3)
is a semifiltered filtrator.

Theorem 23 Each semifiltered filtrator is a filtrator with join-closed core.

Proof Let (2;3) is a semifiltered filtrator. Let S € P3 and |J3S is defined.

We need to prove |J*S = [J35. That [J3S is an upper bound for S is obvious.

Let a € 2 is an upper bound for S. Enough to prove that 38 C a. Really,
chpa:cQa:VwES:cQw@cQU3S’:>c€upU3S;

soupa C up|J3S and thus a O |J3S because it is semifiltered. O

4.1. Core part
Definition 44 The core part of an element a € 2 is Cora = ()3 upa.

Definition 45 The dual core part of an element a € 2 is Cor’ a = | J3 downa.
Obvious 11 Cor’ is dual of Cor.

Theorem 24 Cora C a whenever Cora exists for any element a of a filtered
filtrator.

Proof Cora=)3upaCN*upa=a. O
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Corollary 6 Cora € downa whenever Cora exists for any element a of a
filtered filtrator.

Theorem 25 Cor’ a C a whenever Cor’ a exists for any element a of a filtrator
with join-closed core.

Proof Cor’'a=|J3downa =|J¥downa C a. O

Corollary 7 Cor’a € downa whenever Cor’ a exists for any element a of a
filtrator with join-closed core.

Proposition 14 Cor’ a C Cora whenever both Cora and Cor’ a exist for any
element a of a filtrator with join-closed core.

Proof Cora =[)3upa 2 Cor’ a because VA € upa : Cor’ a C A. O
Theorem 26 Cor’ a = Cora whenever both Cora and Cor’ a exist for any ele-
ment a of a filtered filtrator.

Proof It is with join-closed core because it is semifiltered. So Cor’ @ C Cor a.

Cora € downa. So Cora C U3 down a = Cor’ a. O

Obvious 12 Cor’a = maxdowna for an element a of a filtrator with join-
closed core.

4.2. Filtrators with separable core

Definition 46 Let 2 is a filtrator with least element. 2 is a filtrator with
separable core when

Ve,yeA: (z=xPy=3X cupz: X <% y).

Proposition 15 Let A is a filtrator with least element. A is a filtrator with
separable core iff

Ve,yeA: (z=xy=3X cupz,Y cupy: X <?Y).
Proof
= Apply the definition twice.
<« Obvious.
O
Definition 47 Let A is a filtrator with least element. A is a filtrator with
co-separable core when

Ve,y e A: (=" y = 3IX € downz: X =2 y).
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Obvious 13 Co-separability is the dual of separability.

Proposition 16 Let A is a filtrator with least element. A is a filtrator with
co-separable core iff

Ve,y € A: (z=>y=3X €downz,Y € downy: X =2Y).

Proof By duality. (|

4.8. Intersecting and joining with an element of the core

Definition 48 I call down-aligned filtrator such a filtrator (2U;3) that A and
3 have common least element. (Let’s denote it 0.)

Definition 49 I call up-aligned filtrator such a filtrator (A;3) that A and 3
have common greatest element. (Let’s denote it 1.)

Theorem 27 For a filtrator (A; 3) where 3 is a boolean lattice, for every B € 3,
AeA:

1. B=x* A< B D A if it is down-aligned, with finitely meet-closed and sepa-
rable core;

2. B =A<< B C A ifitis up-aligned, with finitely join-closed and co-
separable core.

Proof We will prove only the first as the second is dual.

B=x"A &
JAcupA:B=*A &
JAcupA:BN*A4=0 <
JAcupA:BNPA=0 <
JAcupA:BDA &
Becup A &

B2 A

5. Filters

5.1. Filters on posets

Let 2 is a poset (partially ordered set) with the partial order C. T will call
it the base poset.

Definition 50 Filter base is a nonempty subset F' of A such that

VX,YE€FIZeF:(ZCXANZCY).
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Obvious 14 A nonempty chain is a filter base.
Definition 51 Upper set is a subset F' of A such that
VXeFYed:Y2O2X=Y€eF).

Definition 52 Filter is a subset of 2 which is both filter base and upper set. I
will denote the set of filters .

Proposition 17 If 1 is the mazimal element of A then 1 € F for any filter F.
Proof If1 ¢ F then VK € A : K ¢ F and so F is empty what is impossible.

O
Proposition 18 Let S is a filter base. If Ag,..., A, € S (n € N), then
ACeS: (CCAAN...ANCCA,).
Proof Can be easily proved by induction. O

The dual of filters is called ideals. We do not use ideals in this work however.

5.2. Filters on meet-semilattice

Theorem 28 If A is a meet-semilattice and F' is a nonempty subset of A then
the following conditions are equivalent:

1. F is a filter.
2.VX, Y e F: XNY € F and F is an upper set.
3 VX, Yed: (X,)YeFeXnNYeF).

Proof

(1)=(2) Let F is a filter. Then F is an upper set. If XY € F then Z C
X NZ CY for some Z € F. Because F is an upper set and Z C X NY
then X NY € F.

(2)=(1) Let VX, Y € F: XNY € F and F is an upper set. We need to prove
that F'is a filter base. But it is obvious taking Z = X NY (we have also
taken in account that F # 0)).

(2)=(3) Let VX, Y € F: X NY € F and F is an upper set. Then
VXY eA: (X, Ye F=XNY eF).

Let XNY € F; then X,Y € F because F' is an upper set.
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(3)=(2) Let
VX, Y €A: (X,Y e F& XNY € F).

Then VX, Y € F: XNY € F. Let X € Fand X CY € A. Then
XNY =X € F. Consequently X,Y € F. So F' is an upper set.

d

Proposition 19 Let 2 is a meet-semilattice. Let S is a filter base. If Ag, ..., An €
S (n € N), then
JCeS:CCAyN...NA,.

Proof Can be easily proved by induction. O

Proposition 20 If 2 is a meet-semilattice and S is a filter base, A € A, then
(AN) S is also a filter base.

Proof (AN) S # 0 because S # 0.
Let X,Y € (AN)S. Then X = AN X' and Y = ANY’ where X", Y’ € S.
Exists Z' € S such that Z/ C X'NY’. So XNY = ANX'NY’ D AnZ' € (AN) S.
]

5.3. Characterization of finitely meet-closed filtrators

Theorem 29 The following are equivalent for a filtrator (2; 3) whose core is a
meet-semilattice such that Va € A :upa # 0:

1. The filtrator is finitely meet-closed.
2. upa is a filter on 3 for every a € 2.
Proof

(1)=(2) Let X,Y € upa. Then X NP Y = X N*Y D a. That upa is an upper
set is obvious. So taking in account that upa # 0, upa is a filter.

(2)=(1) Tt is enough to prove that a C A, B = a C AN3 B for every A, B € .
Really:

aCAB=ABecua=AnN?Beupa=aC AN>B.

6. Filter objects

I want to equate principal filters (see below) with the elements of the base
poset. Such thing can be done using the principles described in the appendix

The formal definitions follow.
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6.1. Definition of filter objects
Let 2 is a poset.

Definition 53 Let 1+ a {zr e | z2Da} for every a € A. Elements of the
set (1) 2 are called principal filters.

Obvious 15 1 is an injection from 2 to §.

Let M is a bijection defined on f such that Mo 1= idg. (See the appendix
for a proof that such a bijection exists.)

Definition 54 Let § = im M. I call elements of § as filter objects (f.o. for
short).

Remark 10 Below we will show that up.A = M~ A for each A € §.
Obvious 16 1= M~ !|y.
Obvious 17 M~ is a bijection § — f.

Proposition 21 A C §.

Proof zelA=Mtr=rc=2zceimM =zxcfg. |

6.2. Order of filter objects
Proposition 22 ¢ Cb < M~1a D> M~1b.

Proof a Cb<tadtbe M taD M1, O
As a generalization of the last proposition we may define the order on §:

def

Definition 55 ACB= M~ AD M~'B for all A,B € 2.

I will call the pair (§;2() the primary filtrator.

Theorem 30 For the primary filtrator (§;2l) we have up A = M~1A for each
Aeg.

Proof zcwpAesrzD A M s C M AetzsC M Ae e M1A
for every = € . (]

So we have:
e 7up” is a bijection from § to f.
e ACB &S upADupB for each A, B € §.

e upa =T a for every a € 2.
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A filter object A is represented by the value of up.A. We are not interested in
the internal structure of filter objects (which can be inferred from the appendix

[Appendix B)), but only in the value of up.A. Thus the name “filter objects”

by analogy with an object in object oriented programming where an object is
completely characterized by its methods, likewise a filter object A is completely
characterized by up A.

7. Lattice of filter objects

7.1. Minimal and maximal f.o.

Obvious 18 The filter object 0 = up~ 12 (equal to the least element of the
poset 2 if this least exists) is the least element of the poset of filter objects.

Proposition 23 If there exists greatest element 1 of the poset A then it is also
the greatest element of the poset of filter objects.

Proof Take in account that filters are nonempty. (|

Obvious 19 1. If the base poset has least element, then the primary filtrator
is down-aligned.

2. If the base poset has greatest element, then the primary filtrator is up-aligned.

7.2. Primary filtrator is filtered
Theorem 31 Primary filtrator is filtered.

Proof We need to prove that A = (% up A for every A € F.

A is obviously a lower bound for up A.

Let B is a lower bound for up A that is VK € up A: K O B. Then up A C
up B; A D B. So A is the greatest lower bound of up A. O

7.3. Formulas for meets and joins of filter objects

Lemma 2 If f is an order embedding from a poset 2 to a complete lattice B
and S € P2 and exists such F € A that fF =% (f) S, then |J*S erists and

furs=Ur () s.
Proof f is an order isomorphism from 24 to B ya. fF € Bf)a-
Consequently, J® (f) S € B sa and UBlox () S =U2 (f)S.

fUAS =Bl (f) S because f is an order isomorphism.
Combining, fJ*S =U= () S. O

Theorem 32 If2 is a meet-semilattice with greatest element 1 then | JSS exists
and up|J3S = N"* (up) S for every S € PF.
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Proof Taking in account the lemma it is enough to prove that exists F € §
such that up F = (7% (up) S, that is that R = (7> (up) S is a filter.

R is nonempty because 1 € R. Let A, B € R; then VF € S: A, B € up .F,
consequently V.F € S : AN*B € up F. Consequently AN*B € 7% (up) S = R.
So R is a filter base. Let X € Rand X CY € ; then VF € S: X € up F;
VFeS:YeupF;Y € R. So R is an upper set. O

Corollary 8 If 2 is a meet-semilattice with greatest element 1 then § is a
complete lattice.

Corollary 9 If 2 is a meet-semilattice with greatest element 1 then for any
ABegF
up(AUS B) = up AN up B.

Theorem 33 If2l is a join-semilattice then § is a join-semilattice then and for
any A, B€F
up(AUS B) = up AN up B.

Proof Taking in account the lemma it is enough to prove that R = up ANup B
is a filter.
R is nonempty because exist X € upAand Y € upBand R> X U Y.
Let A,B € R. Then A, B € up A, so exists C € up A such that C C AANC C
B. Analogously exists D € up B such that D C AAND C B. Let E =C U* D.
Then F €eupAand E € upB; FE€ Rand E C AANE C B. So R is a filter base.
That R is an upper set is obvious. O

Theorem 34 If 2 is a distributive lattice then for S € PF\ {0}
upﬂSSZ {Koﬁm...ﬁmKn | K; EU(up>S wherei:O,...,nforneN}.

Proof Let’s denote the right part of the equality to be proven as R. First we
will prove that R is a filter. R is nonempty because S is nonempty.

Let AAB € R. Then A = Xon*...N* X3, B = Yy nN*...N* Y] where
X, Y; e U(up) S. So

AN B=Xon* .. 0" X, N Yy n*...n*"Y, e R.
Let R > C D A. Consequently (distributivity used)
C=CU%A=(CU*Xo)n*...n* (CU* X}).

X; € up P for some P € S; C U X; € up P; consequently C € up P; C € R.
We have proved that R is a filter base and an upper set. So R is a filter.
Consequently the statement of our theorem is equivalent to ()5S = up~! R.
Let A€ S. Then up A € (up) S; up. A C | (up) S;

RQ{KOHQ‘...QQ‘K" | Kl-6upAwherei:O,...,nforneN}:upA.
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Consequently A D up~! R.

Let now BeFandVAe S: ADB. ThenVA€ S:upBDOupA upB 2D
U (up) S. From this upB D T for any finite set T C |J (up) S. Consequently
upB >N *T. ThusupB 2 R; BCup ! R.

Comparing we get ()5S =up ! R. O

Theorem 35 If 2 is a distributive lattice then for any Fo,...,Fm (m € N)
w(Fo¥...n8 Fp) = {Kon*...0n*"K,, | K; €upFi,i=0,...,m}.

Proof Let’s denote the right part of the equality to be proven as R. First we
will prove that R is a filter. Obviously R is nonempty.
Let A, B€ R. Then A= Xy,..., X, B=Y),...,Y,, where X;,Y; € up F;.

AN*B=(XoN*Yy) N ...n* (X, "*Y,,),

consequently AN® B € R.
Let R> C D A.

C=AUrC=(XoUu*O)n*...n* (X,,U* C) € R.
So R is a filter. Consequently the statement of our theorem is equivalent to
foﬂg...ﬂg]:m :upflR.

Let P; € up ;. Then P; € R because P, = (P, U™ P)) NS ...N% (P, U* P,,). So
upF; CR; F; Dup ' R.

Let now B € § and Vi € {0,...,m} : F; O B. Then Vi € {0,...,m} :
up F; CupB.

L; € upB for any L; € upF;. LonN*...N* L,, € upB. So upB DO R;
BCup 'R.

So FoNS...NS Fp, =up ' R. O

Definition 56 [ will call a lattice of filter objects on a set a set of filter
objects on the lattice of all subsets of a set. (From the above it follows that it is
actually a complete lattice.)

7.4. Distributivity of the lattice of filter objects

Theorem 36 If 2 is a distributive lattice with greatest element, S € PF and
AE€F then AUS NS = ﬂ3<AU3>S.
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Proof Taking in account the previous subsection, we have:
up(AugﬂSS)

upAﬂupmss

upAﬂ{Koﬁm...ﬁmKn | KZ-EU(up>Swherei:O,...,nfornEN
{Koﬁm...ﬁQlKn | Koﬁm...ﬁQlKnEupA,KiEU(up>Swherei:O,...,nforneN
{Koﬂm...ﬂmKn | KiEupA,KiEU(up>Swherei:O,...,nfornEN
{Koﬂm...ﬁmKn | KieupA,KiEU{upX | X € S} wherei=0,...,nforneN
{Koﬁm...ﬁQlKn | KiEupAﬁU{upX | X € S} wherei=0,...,nforneN
{Koﬂm...ﬂmKn | KiEU{upAﬂupX | X € S} wherei=0,...,nforneN
{

Kon*...n* K, | KiEU{up(.AUSX) | X €S} wherei=0,...,nforneN

e e e e i e e e g

{Koﬁm...ﬂmKn | Ki€U<up>{AU5X | X €S} wherei=0,...,nforneN
upﬂg{AUSX | X eS}.
O

Corollary 10 If 2 is a distributive lattice with greatest element, then § is also
a distributive lattice.

Corollary 11 If 2 is a distributive lattice with greatest element, then § is a
co-brouwerian lattice.

7.5. Separability of core for primary filtrators

Theorem 37 A primary filtrator with least element, whose base is a distributive
lattice, is with separable core.

Proof Let A =% B where A,B € §.
up(AnNSB)={AnN*B | Acup A, BeupB}.

So
A=SB &
0cup(AN®B) <
JAcup A, BeuwB:AN*B=0 &
JAcup A BeupB: ANSB=0
(used the theorem [23)). O
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Theorem 38 Let (;3) is an up-aligned filtered filtrator whose core is a meet
infinite distributive complete lattice. Then this filtrator is with co-separable core.

Proof Our filtrator is with join-closed core.

Let a,b € 2. Cora and Cor b exist since 3 is a complete lattice.

Cora € downa and Corb € downb by the corollary [@] since our filtrator is
filtered. So we have

3z € downa,y € downb:zU*y =1
Cora U Corb =1
Cora U3 Corb =1

ﬂmupauaﬂmupb:1
ﬂﬂ{xuay | z €upa,y €eupb} =1

Ve €upa,y cupb:azUdy=1

(by finite join-closedness of the core)

(by infinite distributivity)

(by finite join-closedness of the core)

tT¢ ¢ ¢

Vz cupa,y € upb:zU¥y =1
aUb=1.

7.6. Filters over boolean lattices

Theorem 39 If A is a boolean lattice then a\S B = aN® B (where the comple-
ment is taken on ).

Proof F is distributive by the theorem Our filtrator is with finitely meet-
closed core by the theorem 29 and with join-closed core by the theorem

(aN¥B)US B = (aUS B)NS (BUS B) = (aUS B)NS (BUB) = (aUSB)NS1 =
aUS B.

(anSB)yMB=anS(BNSB)=anS (BN*B)=anS0=0.

So a NS B is the difference of a and B. (|

7.7. Distributivity for an element of boolean core

Lemma 3 Let § is the set of filter objects over a boolean lattice 2.
Then ANS is a lower adjoint of AUS for every A € 2.

Proof We will use | the theorem 8
That ANS and AUS are monotone is obvious.
We need to prove (for every z,y € §) that

rCAUS (An¥2) and AN (AUSy) Cy.
Really, AUS (AnSz) = (AUS A) NS (AUSz) = (AU A) NS (AUS z) =

1IN (AUSz) = AUS 2 D xand ANS (AUS y) = (ANS A) US (ANS y)
(AN*A)US (ANSy)=0US (ANSy)=ANSy Cy.

ol
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Theorem 40 Let § is the set of filter objects over a boolean lattice 2.
ANSUSS =US(ANS) S for every A € A and every set S € Pg.

Proof Direct consequence of the lemma. ([

8. Generalized filter base

Definition 57 Generalized filter base is a filter base on the set §.

Definition 58 If S is a generalized filter base and A = (¥, then we will call
S a generalized base of filter object A.

Theorem 41 If A is a distributive lattice and S is a generalized base of filter
object F then for any element K of the base poset

KeuwF<3dLeS: LCK.
Proof

<« Because F =[1°58S.

= Let K € upF. Then (taken in account distributivity of 2 and that S is
nonempty) exist Xi,..., X, € J(up) S such that X; n¥...N* X,, = K.
Consequently (by theorem Z9) X; NS ... NS X,, = K. Replacing every X;
with such X; € S that X; € up A; (this is obviously possible to do), we
get a finite set Ty C S such that ()57Tp C K. From this exists C € S such
that C C (T, C K.

O
Corollary 12 If 2 is a distributive lattice with least element 0 and S is a
generalized base of filter object F then 0 € S < F =0.
Proof Substitute 0 as K. (|
Theorem 42 Let 2 is a distributive lattice with least element 0 and S is a

nonempty set of filter objects on A such that Fo NS ... NS F, # 0 for every
Foy--s Fn €S. Then (58 # 0.

Proof Consider the set
S ={FonS...08F, | Fo,...,Fu€S}.

Obviously S’ is nonempty and finitely meet-closed. So S’ is a generalized filter
base. Obviously 0 ¢ S’. So by properties of generalized filter bases (¥’ # 0.
But obviously N ¥S =N%5". So N¥S # 0. O
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Corollary 13 Let 2 is a distributive lattice with least element 0 and let S € PA
such that S # 0 and AgN® ...N%* A, # 0 for every Ag,...,A, € S. Then

NSS+#0.
Proof Because 2 is finitely meet-closed (by the theorem 29]). O

9. Stars

9.1. Free stars

Definition 59 Let 2 is a poset with least element 0. Free stars on2d are such
S € PU that 0 ¢ S and for every X, Y € A

VZeU: (ZDXNZDODY=>ZeS)eXeSvY es.

Proposition 24 S € P where A is a poset with least element 0 is a free star
iff all of the following:

1.0¢S.
2NZeWN: (ZD2DXNZ2Y=>2Z€S)=XeSVY €S for every X,Y € 2.
3. S is an upper set.

Proof

= (1) and (2) are obvious. Let prove that S is an upper set. Let X € S and
XCYeA Then X e SVX eSandthusVZeA: (ZDXNZDX =
ZeS)thatisVZeA: (Z2X=Z€S),andsoY € S.

< We need to prove that
VZeA: (ZDXNZDY =ZeS)<XeSvYes.

Let X e SVY €S. Then ZDXANZDY = Z € Sforevery Z € 2
because S is an upper set.

O
Proposition 25 Let 2 is a join-semilattice with least element 0. S € P is a
free star iff all of the following:
1. 0¢S.
2. XUYeS=XeSVY S forevery X, Y € 2.
3. S is an upper set.

Proof
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= We need to proveonly X UY € S = X € SvY € §. Let XUY € S.
Because S is an upper set, we have VZ € A : (Z D XUY = Z € 5)
and thusVZ € A: (Z 2D XANZ2Y = Z € S) from which we conclude
XesSvYyes.

< Weneed toprove VZ € A: (Z D XANZDY =Ze€S)<«XeSVY eS.
But this trivially follows from that S is an upper set.

O

Proposition 26 Let 2 is a join-semilattice with least element 0. S € P is a
free star iff 0 € S and for every X, Y € A

XuYeSeXeSvy eb.
Proof

= We need to prove only that XUY € § < X € SVY € S what follows from
that S is an upper set.

< We need to prove only that S is an upper set. Let X € S and X CY € 2.
Then X e S=XeSVvYeSe XUYeS=YcS. SoSisan upper
set.

O

9.2. Stars of elements of filtrators

Definition 60 Let (2;3) is a filtrator with least element. Core star of an
element a of this filtrator is

da={xe3 | xz#a}.

Proposition 27 upa C Jda for any element a # 0 of a filtrator with least
element.

Proof For any element X € 3
Xecuwa=Xn'a=a#0= X € da.

O

Theorem 43 Let (2; 3) is a distributive lattice filtrator with least element and
finitely join-closed core which is a join-semilattice. Then Oa is a free star for
each a € .
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Proof For every A,B€ 3

AU3 B€da
AU B €da

(AU B)N*a#0
(An*a) U (Bn%a) #0
ANt a£0VBNMa#0
A € OaV € Oa.

R

That 0a doesn’t contain 0 is obvious. O

Definition 61 [ call a filtrator star-separable when its core is a separation
subset of its base.

9.3. Stars of filters on boolean lattices

In this section we will consider the set of filter objects § on a boolean lattice
2A.

Theorem 44 If 2 is a boolean lattice and A € § then

1. 0OA={X | X eA\upA};
2. upA={X | X €A\ dA}.

Proof 1. For any K € 2 (taking into account the theorems 29 37, and 27])

Ke{X | XecA\upA}

KeA\upA

K¢upA

K3 A

K #5 A

K € 0A.

¥

t o0

2. For any K € 2 (taking into account the same theorems)

Ke{X | XeA\ oA} &
K e\ 0A

K ¢0A

K=SA

K>A

K eup A

K
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Corollary 14 If 2 is a boolean lattice, X € up A < X ¢ A for every X € A,
Aeg.

Corollary 15 If 2l is a boolean lattice, O is an injection.

Theorem 45 If A is a boolean lattice, then for any set S € PR exists filter
object A such that 0A =S iff S is a free star.

Proof
= That 0 ¢ S is obvious. For every A, B € 2

AUrBesS

(AU B)NS A#£0
(AUSB)NS A+#0

(ANS A)US (BN® A) #0
ANS A#0VBNS A#0
AeSVvBeS.

(R R

(taken into account the theorems [I0l and 29)).
< Let 0 ¢ S and VA, B €ES:(AU¥Be S AecSVB e S). Let
T={X | X €A\ S}. We will prove that T is a filter.

1 € T because 0 € S; so T is nonempty. To prove that T is a filter is
enough to show that VX, Y € A: (X,Y € T < X N¥*Y € T). In fact,

XYeTl &

X, Y¢S

(X eSvY €¥9)
XUrY¢es
XWYeT
Xn'yerT.

ree

So T is a filter. Let up.A = T for some filter object .A.
To finish the proof we will show that .4 = S. In fact, for every X € 2

XcoAe XduwpAeXET X es.

d

Proposition 28 If 2 is a boolean lattice then A C B < 0A C 9B for every
ABeg.
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Proof

0ACOB &
{X| XedA\upA} C{X | XeA\uwB} <
A\up A CA\upB <
upADuphB <
ACB.

Corollary 16 0 is a straight monotone map.

Theorem 46 If 2 is a boolean lattice then O|JSS = J(9) S.

Proof For boolean lattices 0 is an order embedding from the poset § to the
complete lattice P2l. So accordingly the lemma [2]it enough to prove that exists
F € § such that F = |J(9) S. To prove this is enough to show that 0 & | J (9) S
and

VA,BeS:(AU*Be|J@SeAc|Jw@sSvBelJ©®)s.

0 ¢ J(0) S is obvious.

Let AU B € [J(0)S. Then exists Q € (9)S such that AU B € Q.
Then A € QV B € @, consequently A € J(9)SV B € |J(9)S. Let now
A€ |J(0)S. Then exists Q € (9) S such that A € Q, consequently AU B € Q
and AU B € J{(9) S. O

9.4. More about the lattice of filters

Theorem 47 If A is a distributive lattice with least element 0 then § is an
atomic lattice.

Proof Let F € §. Let choose (by Kuratowski’s lemma) a maximal chain S
from 0 to F. Let S’ = S\ {0}. a =55’ # 0 by properties of generalized filter
bases (the corollary [[2 which uses the fact that 2 is a distributive lattice with
least element). If a € S then then the chain S can be extended adding there
element a because 0 C a C X for any X € S’ what contradicts to maximality
of the chain. So a € S and consequently a € S’. Obviously a is the minimal
element of S’. Consequently (taking in account maximality of the chain) there
are no ) € § such that 0 C Y C a. So a is an atomic filter. Obviously a C F.

O

Obvious 20 If 2 is a boolean lattice then § is separable.

Theorem 48 If A is a boolean lattice then § is an atomistic lattice.
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Proof Because (used the theorem 20]) § is atomic (the theorem 7)) and sepa-
rable. 0

Corollary 17 If 2 is a boolean lattice then § is an atomically separable.
Proof By the theorem I3l O

Theorem 49 When the base poset 2 is a boolean lattice, then the filtrator (F; )
is central.

Proof We can conclude that § is atomically separable (the corollary [[7)) and
with separable core (the theorem BT).

We need to prove that Z(F) = 2.

Let X € Z(F). Then exists Y € Z(F) such that ¥YN¥Y =0and XY S Y = 1.
Consequently there are X € up & such that XN%Y = 0; we have also XUS) = 1.
Suppose X D X. Then exists a € atoms® X such that a € atoms® X. We can
conclude also a € atomsS ) (otherwise X N¥ Y # 0). Thus a ¢ atoms® (X US )
and consequently X US ) # 1 what is a contradiction. We have X = X € 2.

Let now X € A Let Y = 1\* X. We have X N®*Y =0 and X U Y = 1.
Thus XNSY =2 {XN*Y} =0; XUSY =N S(upXNupY) =N5{1} =1.
We have shown that X € Z(F). O

10. Atomic filter objects

See 2] and [4] for more detailed treatment of ultrafilters and prime filters.

Theorem 50 Let (2;3) is a semifiltered down-aligned filtrator with finitely
meet-closed core 3 which is a meet-semilattice. Then a is an atom of 3 iff
a € 3 and a is an atom of 2.

Proof

< Obvious.

= We need to prove that if ¢ is an atom of 3 then a is an atom of 2. Suppose
the contrary that a is not an atom of 2. Then exists x € 2 such that
0 # ¢ C a. Because “up” is a straight monotone map from 2 to the
dual of the poset P3 (the theorem [I0), upa C upz. So exists K € upx
such that K ¢ upa. Also a € upz. We have K N3 a = KN%a € upa;
Kﬁ3a7é0andKﬂ3aCa. So a is not an atom of 3.

d

Theorem 51 Let (;3) is a down-aligned semifiltered filtrator and 2 is a meet-
semilattice. Then a € A if an atom of A iff up a = Ja.
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Proof

= Let a is an atom of 2. upa O da because a # 0. upa C da because for any
Kex
Keuwas KDa=Kn*a+#0s K € da.

< Let upa = da. Then a # 0. Consequently for every z € 2 we have

0CzCa =
tNra#£0 =
VK cupz: K €0da =
VK eupz: K €cupa =
upr Cupa =

T 2 a.

So a is an atom of 2.

10.1. Prime filtrator elements

Definition 62 Let (2; 3) is a down-aligned filtrator with least element 0. Prime
filtrator elements are such a € 2 that upa is a free star.

Proposition 29 Let (2;3) is a down-aligned filtrator with finitely join-closed
core, where 2 is a distributive lattice and 3 is a join-semilattice. Then atomic
elements of this filtrator are prime.

Proof Let a is an atom of the lattice . We have for every X,Y € 3

¥

XU3Y€upa

XUrY eupa

XU'Y Da
(XUAY)n*a#0
(Xn*a)U* (YN a)#0
Xn*a£A0VYn*a#£0
XDaVY Da

X euaVyY €upa.

tes e

The following theorem is essentially borrowed from [g]:

Theorem 52 Let 2 is a boolean lattice. Let a is a f.o. Then the following are
equivalent:
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1. a 1is prime.

2. For every A € A exactly one of {A,Z} is in up a.
3. a is an atom of §.

Proof

(1)=(2) Let a is prime. Then A U* A =1 € upa. Therefore A € upaV Ae
up a. But since AN* A =0 ¢ upa it is impossible A € upa A A € upa.

(2)=(3) Obviously a # 0. Let f.o. b Ca. Soupb D upa. Let X € upb\ upa.
Then X & upa and thus X € upa and consequently X € upb. So
0=XnN%X cupb and thus b = 0. So a is atomic.

(3)=(1) By the previous proposition (taking into account the corollary [0l and
the theorem 23)).

O

11. Some criteria

Theorem 53 For a semifiltered, star-separable, down-aligned filtrator (2;3)
with finitely meet closed and separable core where 3 is a boolean lattice and both
3 and A are atomistic lattices the following conditions are equivalent for any

FeA:

1. Fe3;

2.VS ePA:(FNAURS#A0=3IKe S: FNAK £0);
3. VS eP3: (FNMUBS#A0=3IK e S: FN* K #0).
Proof Our filtrator is with join-closed core.

(1)=(2) Let F € 3. Then (taking in account the proposition 27])
FM S #0eF 2 J¥S=KeS: FpKkeIKeS: Fn*K #£0.

(2)=(3) Obvious.

(3)=(1) Let the formula (3) is true. Then for L € 3 and S = atoms? L it takes
the form FN®*J* atoms3 L # 0= 3K € S : FN* K # 0 that is FN¥ L #
0= 3K € S: Fn* K # 0 because |J* atoms? L = |J3 atoms?® L = L.
That is FN* L # 0= FN* K}, # 0 where K; € S. Thus K, is an atom
of both 2 and 3 (see the theorem [B0), so having F N L#A0=FDKj.
Let
F=J"{KL | Le3 Fn*L#0}.

Obviously F C F. Wehave L3 F #A0=LN*F #0= K, N3 F #
0 = L N3 F # 0, thus by star separability of our filtrator 7 C F and so
F=F¢c3
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Theorem 54 If A is a complete boolean lattice then for each F € §

FedovseP: (UQ‘Seaf;»Smaf;Ao).

Proof
VSEPQ[:(UQ‘568F:>SQ8F7EO) .
VSer;(Uﬂsgaf¢Smaf=0) =

VSEPQ[:<U9‘S€up}'<:<—|>S§up}") &
vsePA: (¥ ewF <S5 CupF),
but

FeA =
vsePA: (S ewF<SCwF) =

ﬂg‘up}'Eup]—' =
F e

O

Definition 63 Let S is a subset of a meet-semilattice. The filter base gen-
erated by S is the set

1S]n € {aon...Nay | a; €S,i=0,1,...}.

Lemma 4 The set of all finite subsets of an infinite set A has the same cardi-
nality as A.

Proof Let denote the number of n-element subsets of A as s,. Obviously
sp < card A™ = card A. Then the number S of all finite subsets of A is equal to
sp+81+...<cardA+cardA+...=card A. That S > card A is obvious. So
S = card A. O

Lemma 5 A filter base generated by an infinite set has the same cardinality as
that set.

Proof From the previous lemma. O
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Definition 64 Let 2 is a complete lattice. A set S € P is filter-closed when
for every filter base T € PS we have (T € S.

Theorem 55 A subset S of a complete lattice is filter-closed iff for every nonempty
chain T € PS we have (T € S.

Proof (proof sketch by Joel David Hamkins)
= Because every nonempty chain is a filter base.

< We will assume that cardinality of a set is an ordinal defined by von Neumann
cardinal assignment (what is a standard practice in ZFC). Recall that
a < < a€ g for ordinals «, (.

We will take it as given that for every nonempty chain 7" € PS we have
NT e S.

We will prove the following statement: If card S = n then S is filter closed,
for any cardinal n.

Instead we will prove it not only for cardinals but for wider class of ordi-
nals: If card S = n then S is filter closed, for any ordinal n.

We will prove it using transfinite induction by n.

For finite n we have (T € S because T' C S has minimal element.
Let card T = n is an infinite ordinal.

Let the assumption of induction holds for every n € cardT'.

We can assign T' = {a,, | « € card T} for some a, because cardcardT =
card T

Consider § € cardT.

Let Ps = {an | a € B}. Let bg = (| Pg. Obviously bg = (\[Ps]n. We
have
card[Pg|n = card Pg = card f < card T

(used the lemma and von Neumann cardinal assignment). By the assump-
tion of induction bg € S.

VB € cardT : Pg C T and thus bg O (7.

Easy to see that the set {Pg | 8 € cardT} is a chain. Consequently
{bg | B €cardT} is a chain.

By theorem conditions b = ({bg | B € cardT} € S (taken in account
that bg € S).

Obviously b D N T.

bCbgandsoVp € cardTVa € §:bC aq. Let o € cardT. Then (because
card A is limit ordinal, see |15]) exist 8 € card T such that a € 8 € cardT.
So b C a, for every a € cardT. Thus b C (T

Finally NT =b€ S.
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O

Theorem 56 Let 2 is a boolean lattice. For any S € PF the condition IF €
$ 1S = «F is equivalent to conjunction of the following items:

1. S is a free star on §;

2. S is filter-closed.

Proof

= 1. That 0 ¢ xF is obvious. For every a,b € §

aUSbexS
(aUSb) NS F#£0

(an FYu(dnS F)#0
aNSF#0VbNS F#0
a€*xSVbexS.

to e

(taken into account the corollary Q). So «F is a free star on F.
2. We have T C S and need to prove that (\ST N F # 0. Because
(FNS)T is a generalized filter base, 0 € (FNS) T < NS (FNS) T =
0< NSTNSF =0. So left to prove 0 & (FNS) T what follows from
TCS.
< Let S is a free star on §. Then for every A, B € 2

A BeSNnA <
A BeS
AUSBeS
AU¥BeS
AU BeSng

Tt o0

(taken into account the theorem 23)). So SN2 is a free star on 2.

Thus there exists F € § such that 9F = SN2A. We have upX C S <
X € S (because S is filter-closed) for every X' € §; then (taking in account
properties of generalized filter bases)

XeS <
VX cupX: XM F#0 &
0¢(Fn¥)uwpx «
ﬂ5<]:ﬂg>up)(7é0 =
fﬂgmsupX#O =
FMWX4£0 <

X € OF.
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12. Quasidifference and quasicomplement

I've got quasidifference and quasicomplement (and dual quasicomplement)
replacing max and min in the definition of pseudodifference and pseudocomple-
ment (and dual pseudocomplement) with | J and (). Thus quasidifference and
(dual) quasicomplement are generalizations of their pseudo- counterparts.

Remark 11 Pseudocomplements and pseudodifferences is standard ter-
minology. Quasi- counterparts are my neologisms.

Definition 65 Let 2 is a poset with least element, a € A. Quasicomplement
of a is

a*:U{cte | c=<a}.

Definition 66 Let 2 is a poset with greatest element, a € A. Dual quasi-
complement of a is

a+:ﬂ{c€Ql | c=a}.

I will denote quasicomplement and dual quasicomplement for a specific poset
A as a*® and ot

Definition 67 Let a,b € A where A is a distributive lattice. Quasidifference
of a and b is

a\*bzﬂ{zeﬂ | aCbUz}.

Definition 68 Let a,b € /A where A is a distributive lattice with least element.
Second quasidifference of a and b is

def

a#b = U{ZEQI | zCaAz=xb}.
Theorem 57 a\*b={z €A | 2zCaAaCbUz} where A is a distributive
lattice and a,b € 2.

Proof Obviously {z€e A | 2CanaCbUz} C {z€A | aCbUz}. Thus
N{zeA | zCarnalbUz}Da\*b.

Let z € A and 2’ = zNa.

a CbUz=aC (bUz)Na < a C (bNa)U(zNa) < a C (bNa)Uz' = a C bUZ’
anda CbUz<=aCbUZ. Thusa CbUz<=aCbUZ.

Ifze{zeA | aCbUz}thena CbUz andthusz’ € {z€A | 2CanaCbUz}.
But 2’ C z thus having({z €A | 2CanaCbUz} CN{zeUA | a CbUz}.

O
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Remark 12 If we drop the requirement that 2 is distributive, two formulas for
quasidifference (the definition and the last theorem) fork.

Obvious 21 Dual quasicomplement is the dual of quasicomplement.

Obvious 22 o Fuvery pseudocomplement is quasicomplement.
e Fvery dual pseudocomplement is dual quasicomplement.
o Fvery pseudodifference is quasidifference.

Below we will stick to the more general quasies than pseudos. If needed, one
can check that a quasicomplement a* is a pseudocomplement by the equation
a* < a (and analogously with other quasies).

Next we will express quasidifference through quasicomplement.

Proposition 30

1. a\*b=a\* (aNd) for any distributive lattice;

2. a#b = a#(anb) for any distributive lattice with least element.
Proof

1. a C (aNb)Uz < a C (aUz)N(bUz) < a CaUzAa CbUz < a C bUz. Thus
a\*(anb)=N{zeA |aCand)Uzt=N{zeA | aCbUz}=a\*b.

2. aft(anb) =J{zeA | 2Canznanb=0}=U{zeA | 2CaA(zNa)Nanb=0}=
U{zna | zeA,znanb=0}=J{ze U | 2Ca,zNb=0} = a#bd.

O
I will denote Da the lattice {x € A | = C a}.
Theorem 58 For a,b € A where A is a bounded distributive lattice
1. a\*b= (anb)tPa);
2. a#b = (anb)*P),
Proof
1.

+(Da) _
} =
} =
} =

(anbd)
ﬂ{ceDa | cU(and)
ﬂ{ceDa | cU(and)

)
b

V)

V)

a
a
ﬂ{ceDa|(cUa)ﬁ(cUb a
ﬂ{cé%ﬂcga/\cu a

a\"b.

— U
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(anb)Po =

U{cEDa|cﬂaﬂb:O} =

U{CGQHCQ&/\cﬂaﬂb:O} =

U{cé%ﬂcga/\cﬂb:O} =
a#b.

O
Theorem 59 Let (§;2) is a primary filtrator where A is a boolean lattice. Let
A€F. Then for each X € §
X€Z(DA) &IXeA: X=X A
Proof

< Let X = X NS A where X € . Let also Y = X N® A. ThenX NS Y =
XM XN A= (XN X)NS A =0 (used the theorems 23 and 2Z9) and
XS Y=XFX)MA=XUX)"mA=1n5 A=A (used the
theorems 23] and [I0)). So X € Z(D.A).

= Let X € Z(DA). Then exists ¥ € Z(DA) such that X N¥ Y = 0 and
X USY = A. Then (used the theorem [B7) exists X € up X’ such that
X N% Y =0. We have

X=xUS (X)) =X (xusYy)=Xn" A

Proposition 31 (aUb) \* b C a for an arbitrary complete lattice.

Proof (aUb)\*b=N{zeA | aUbZ DUz}
ButaCz=aUbCbUz So{ze€A | aUblbUz}D2{zecA | aC =z}
Consequently, (aUb)\*bCN{z €U | a C 2z} =a. O

13. Complements and core parts

Lemma 6 If (2;3) is a filtered, up-aligned filtrator with co-separable core which
is a complete lattice, then for any a,c € A

c=2a< c=% Cora.

Proof

45



= If ¢ =% @ then by co-separability of the core exists K € downa such that
¢ =2 K. To finish the proof we will show that K C Cora. To show this
is enough to show that VX € upa : K C X what is obvious.

< Because Cora C a (by the theorem 24 using that our filtrator is filtered).
O

Theorem 60 If (2;3) is a filtered up-aligned complete lattice filtrator with co-
separable core which is a complete boolean lattice, then a™ = Cora for every
a €.

Proof Our filtrator is with join-closed core.

at =
N {ced | ca=1} =
ﬂm{c€ﬂ|cUmCora:1} =
ﬂ”{cem | c2Cora} =
Cora.
(used the lemma and the theorem 27]). (]

Corollary 18 If (2;3) is a filtered up-aligned complete lattice filtrator with co-
separable core which is a complete boolean lattice, then a™ € 3 for every a € 2.

Theorem 61 If (A;3) is a filtered complete lattice filtrator with down-aligned,
finitely meet-closed, separable core which is a complete boolean lattice, then a* =

Cora = Cor’ a.

Proof Our filtrator is with join-closed core. a* = J*{c €A | cn? a=0}.
Butcn®a=0=3Ccupc:CnN*a=0. So

*

U*{ce3|cn*a=0} =
U*{ce3acT) =
U*{C|ce3acc} =
U*{CT | Ceua} =
J3{C | Ceupa} =

ﬂ3{C | C €eupa} =
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(used the theorem [27]).
Cor a = Cor’ a by the theorem O

Corollary 19 If (;3) is filtered down-aligned and up-aligned complete lattice
filtrator with finitely meet-closed, separable and co-separable core which is a
complete boolean lattice, then a* = a™ for every a € 2.

Proof Comparing two last theorems. O

Theorem 62 If (;3) is a complete lattice filtrator with join-closed separable
core which is a complete lattice, then a* € 3 for every a € 2.

Proof {ce|cna=0} 2 {A€3 | An*a=0}; consequently a* 2
U*{4e3 | An*a=0}.
Butifce {cEQl | cﬂma:()} then exists A € 3 such that A D ¢ and AN%
a=0thatisAe {4€3 | An*a=0}. Consequentlya* C U*{A€3 | An"a=0}.
We have a* = (J#*{Ae€3 | An®a=0}=U3{Ae€3 | An"a=0}€3.
O

Theorem 63 If (2;3) is an up-aligned filtered complete lattice filtrator co-
separable core which is a complete boolean lattice, then a™ is dual pseudocom-
plement of a, that is a* = min {c eA | cU¥a= 1} for every a € 2.

Proof Our filtrator is with join-closed core. It’s enough to prove that a*U%a =
1. But at U% @ = Cora U* @ D Cora U% Cora = Cora U3 Cora = 1 (used the
theorem [24] and the fact that our filtrator is filtered). O

Definition 69 The edge part of an element a € 2 is Edga = a \ Cora, the
dual edge part is Edg' a = a\ Cor’ a.

Proposition 32 For a primary filtrator over a complete boolean lattice both

edge part and dual edge part are always defined.
Proof Using the theorem O

Knowing core part and edge part or dual core part and dual edge part of a
filter object, the filter object can be restored by the formulas:
a = CoraU* Edga and a = Cor’ ¢ U Edg’ a.

13.1. Core part and atomic elements

Proposition 33 Let (2; 3) is a filtrator with join-closed core and 3 is an atom-
istic lattice. Then for every a € 2 such that Cor’ a ezists we have

Cor’a:U3{x | z is an atom of 3,2 C a}.
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Proof

!
Cor'a =

J3{Ae3 | Aca} =
U3{U3atom53A | AEB,Aga} =
U3U{at0m53A | AEB,AQ@} =

US{:E |  is an atom of 3,2 C a}.

14. Distributivity of core part over lattice operations

Theorem 64 If (2; 3) is a join-closed filtrator and 2 is a meet-semilattice and
3 is a complete lattice, then

Cor’(a N* b) = Cor’ a N3 Cor’ b.

Proof From theorem conditions follows that Cor’(a N b) exists.

We have Cor’ p C p for every p € 2 because our filtrator is with join-closed
for,

Obviously Cor’(a N® b) C Cor’ a and Cor’(a N® b) C Cor’ b.

If £ C Cor’a and z C Cor’ b for some = € 3 then  C a and = C b, thus
rCan®band x C Cor'(anN?b). O

Theorem 65 Let (2;3) is a semifiltered down-aligned filtrator with finitely
meet-closed core 3 which is an atomistic lattice and A is a distributive lattice,
then Cor’(a U™ b) = Cor’ a U3 Cor’ b for every a,b € 2A.

Proof Cor'(aU?b) = J3 {x | z is an atom of 3,2 C aU* b} (used proposi-
tion B3)).

By the theorem B0 we have Cor’(a U* b) = J3(atoms®(a U% b) N 3) =
U 3 (atoms® aUatoms® b)N3) = |3 ((atoms® an3)U(atoms® bN3)) = | J 3 (atoms® aN
3)uUd J3(atoms® bN 3) (used the theorem[). Again using theorem B0, we get
Cor’(aU?b) = |3 {z | = is an atom of 3,2 C a}U3J3 {z | = is an atom of 3,2 C b} =
Cor’ a U3 Cor’ b (again used proposition 33). O

Theorem 66 Let (F;2) is a primary filtrator over a complete boolean lattice
with co-separable core. Let A is a distributive lattice. Then (anNSb)t = aTU¥ bt
for every a,b € §.
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Proof (F;2) is a filtered up-aligned complete lattice filtrator with finitely join-
closed (theorem [23)) co-separable core (theorem [B8]) which is a complete boolean
lattice. Thus by the theorem G0

(an¥ b)* = Cor(aN¥ b) = Cora N Corb = Cora U Corb =at U* b,
O
Theorem 67 Let (2;3) is a filtered distributive down-aligned, complete lattice

filtrator with finitely meet-closed, separable core which is a complete atomistic
boolean lattice. Then (a U b)* = a* N3 b* for every a,b € 2A.

Proof (aU¥b)* = Cor'(a U% b) = Cor’ a U3 Cor’ b = Cor’ an3 Cor’ b = a* N3 b*
(used the theorem [BGT]). O

Theorem 68 Let A is a complete boolean lattice. Then (a NS b)* = a* U™
b* foreverya,b € 2.

Proof (§;2) is a filtered complete lattice filtrator with down-aligned, up-
aligned, finitely meet-closed, separable core which is a complete boolean lattice.
So

(a N b)* = Cor(aN¥ b) = Cora N Corb = Cora U Corb = a* U b*

(used the theorem [GI). O

15. Fréchet filter

The consideration below is about filters on a set U, but this can be gen-
eralized for filters on complete atomic boolean algebras due complete atomic
boolean algebras are isomorpic to algebras of sets on some set U.

Definition 70 {U\ X | X is a finite subset of U} is called either Fréchet fil-
ter or cofinite filter.

It is trivial that Fréchet filter is a filter.

Definition 71 I will call Fréchet f. o. and denote Q the filter object corre-
sponding to the Fréchet filter.

Proposition 34 Cor Q) = ().
Proof This can be deduced from the formula Vo € U3X € upQ:a ¢ X. O

Theorem 69 max{X € § | CorX =0} = Q.
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Proof Due the last proposition, enough to show that Cor X = () = X C ) for
every f.o. X.

Let Cor X = () for some f.o. X. Let X € upQ. We need to prove that
XeuX.

X =U\{ag,...,an}. U\ {a;} € upX because otherwise a; € Cor X. So
X ecupd. ([l

Theorem 70 Q = JS {z | = is a non-trivial atomic f.0.}.
Proof It follows from the facts that Cor x = () for every non-trivial atomic f.o.
x, that § is an atomistic lattice, and the previous theorem. (|

Theorem 71 Cor is the lower adjoint of Q US —.

Proof Because both Cor and Q US — are monotone, it is enough (theorem [
to prove (for every filter objects X and )

XCOQUSCorX and Cor(Q2 us Y) .
Cor(QUS Y) = CorQU Cor) =P UCory = Cor) C ).
QUS CorX DEdg X US Cor X = X. (|

Corollary 20 Cor X = X \* Q for any f.o. on a set.
Proof By the theorem O

Corollary 21 CorJ%S = J(Cor) S for any set S of f.o. on a set.
Proof By the theorem O

16. Number of filters on a set

2cardU

Theorem 72 Let U is a set. The number of atomic f.o. on U is 2 if U
1s infinite and card U if U is finite.
Proof See [11]. O

Corollary 22 The number of filters on U is 92 if U is infinite and 2°274U
if U is finite.

Proof The finite case is obvious. The infinite case follows from the theorem
and dtgle fact that filters are collections of sets and there cannot be more than
22" collections of sets on U. O
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17. Isomorphic filters

Below is defined equivalence relation “being isomorphic” for filters on sets.

Definition 72 [ call filters on sets a and b directly isomorphic when there
are a bijection f:\Ja — |Jb such that (f) |a is a bijection from a to b.

Definition 73 Let U, W are sets. Let PU, PW are the lattices of all subsets
of these sets. Let a and b are filters on the lattices PU and PW correspondingly.
I will call filters a and b isomorphic when there exist sets A € a and B € b
such that filters a N PA and bN'PB are directly isomorphic.

Obvious 23 Filters a and b are isomorphic iff there exist sets A € a and B € b
such that there are a bijection f : A — B such that (f) |anpa s a bijection from
aNPAtobNPB.

Remark 13 It seems that there exist a simpler definition of isomorphic filters
in terms of reloids [12], but that stumbles on some open problems about reloids.

Proposition 35 If two filters are directly isomorphic then they are isomorphic.

Proof Take A=|Ja, B=|Jb. ThenaNPA=qa and bNPB =b. 0

Example 1 There exists a set U such that there are isomorphic filters on U
which are not directly isomorphic.

Proof Consider two filters on N: ¢ = {N} and b = {N\ {0} ,N}. There are
no bijection from a to b because carda # cardb. So a and b are not directly
isomorphic.

Now let A =N and B =N\ {0} and f: A — B is defined by the formula
fr=x4+1. Then aNPA = {N} and bNPB = {N\ {0}}; f is a bijection from
Ato B and (f) |anpa = (f) [{v} is a bijection from aNPA to bNPB. So aNnPA
and b N'PB are directly isomorphic, that is a and b are isomorphic filters. [

Theorem 73 “Being directly isomorphic” for filters on sets is an equivalence
relation.

Proof
Reflexivity Let a is a filter on some set A. Then the identity function Id4 is

a bijection from (Ja to |Ja. Evidently (Id4) |, is a bijection from a to a.
So a and a are directly isomorphic.
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Symmetry Let filters a and b are directly isomorphic. Then exists a bijection
f:Ua — Ub such that (f) |, is a bijection from a to b. f~*:|Jb— Ja
is a bijection. To finish the proof it is enough to show that <f*1> |y is
a bijection from b to a. First <f’1> |» is a function with domain b. Let
X,Y €b;if X #Y then (f~1) X # (f~1)Y because f~' is a bijection,
consequently (f~1)[sX # (f~1)[Y. So (f7') |, is an injection. Let
X €a; then (f) X € bthatis (f) X =Y whereY e b; X = (f71) (/) X =
(F7HY = (f71) [sY; that is (f~') |, is a function onto a. So (f~1) |y is
a a bijection from b to a. Hence b and a are directly isomorphic.

Transitivity Let filters a and b are directly isomorphic and filters b and ¢ are
directly isomorphic. Then exist bijections f : | Ja = Uband g: |Jb — e
such that (f) |, is a bijection from a to b and (g) |, is a bijection from b to
c. The function g o f is a bijection from (Ja to |Jec. We have (go f) |, =
(@Yo (f)la=1(g)|po(f)]|a is a bijection as a composition of two bijections.
So filters a and c¢ are directly isomorphic.

d

Lemma 7 IfaNPA and bNPB are directly isomorphic, then for every A’ €
a NPA there exists B € bNPB such that a N PA" and b N'PB’ are directly
isomorphic.

Proof Let anNPA and bNPB are directly isomorphic; let A’ € aNPA. Then
there are a bijection f : A — B such that (f)|.npa is a bijection from a N PA
to bNPB. aNPA CanNPA, hence (f) |anpas is an injection defined on the set
anPA'. Let B = (f) A’. Wehave B' C B. Let Y € bNPB’; then Y € bNPB;
by definition of “directly isomorphic” exists X € a NP A such that (f) X =Y.
We have X C A’ because Y C B’ and because f is a bijection. So X € anPA’.
Thus (f) |anpa’ is a function onto bNPB’. So (f) |snpa’ is a bijection. O

Theorem 74 “Being isomorphic” for filters on sets is an equivalence relation.

Proof

Reflexivity Let a is a filter. Let A = (Ja. Then a = a N PA is directly
isomorphic to itself. Consequently a is isomorphic to itself.

Symmetry Let filters a and b are isomorphic. Then there exist sets A € a and
B € b such that filters a N PA and bNPB are directly isomorphic. By
proved above bNPB and a NP A are directly isomorphic. But this means
that b and a are isomorphic.

Transitivity Let filters a and b are isomorphic and filters b and ¢ are isomor-
phic. Then aNPA and bNPB; are directly isomorphic and b NP By are
¢ N PC are directly isomorphic where A € a, By,Bs € b, C € c. Let
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By = By N By. We have By € b. By the lemma (taking in account also
symmetry proved above) there exist sets Ag € aNPA and Cy € cNPC
such that a N PAg and b NPBy are directly isomorphic and b N P By and
cNPCy are directly isomorphic. By transitivity of being direct isomorphic
we have that a N PAy and ¢ NPy are directly isomorphic. Hence a and
¢ are isomorphic.

d

Proposition 36
1. Principal filters, generated by sets of the same cardinality, are isomorphic.

2. If a filter is isomorphic to a principal filter, then it is also a principal filter
with the same cardinality of the sets which generate these principal filters.

Proof

1. Let a and b are principal filters. Let they are generated by the sets A and B
correspondingly where card A = card B. Enough to prove that a N PA and
b N PB are directly isomorphic. But this follows from a N PA = {A} and
bNPB = {B} and card A = card B, because any bijection from A to B sends
{A} to {B}.

2. Let a is a principal filter generated by a set A, let b is a filter isomorphic
to a. We shall prove that b is principal and is generated by a set B such
that card B = card A. Let A € a and B € b and f is a bijection from A
to B such that (f) |snpa is a bijection from a N PA to bN PB. We have
bNPB = {{f)|anpaX | X € anNPA}. So bNPB has the smallest element
(f)y A. Consequently b has the smallest element (f) A and so b is a principal
filter generated by the set B = (f) A whose cardinality is card A.

O

Proposition 37 A filter isomorphic to a nontrivial ultrafilter is a nontrivial
ultrafilter.

Proof Let a is a nontrivial ultrafilter and let b is isomorphic to a. Then there
are sets A € a and B € b and a bijection f : A — B such that (f) |snpa is a
bijection from a NPA to bNPB.

The filter b cannot be a trivial ultrafilter because otherwise a would be also
a principal filter. So it’s enough to prove that b is an ultrafilter. We will prove
that for any set Y € PJb either Y or (|Jb) \ Y is an element of b.

Let Y € PUb. Then Y =Y NB € PB; Y' = (f) X’ for some X' € PA.
Because a is an ultrafilter, either X’ € a or (Ja)\ X’ € a. If X’ € a then X' €
anNPAandsoY' = (f) X' = (f)|anpaX’ € bNPB and consequently Y € b. If
(Ja)\ X’ € a then A\ X' € aNPA; consequently (f) |anpa(4A\X') € bNPB;
(M anpa(A)\ (f) lanpa(X') €bNPB; B\Y' €b; (Ub)\Y €. 0
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Theorem 75 For an infinite set U there exist 92 equivalence classes of
isomorphic ultrafilters.

Proof The number of bijections between any two given subsets of U is no
more than (card U)*®dV = 2¢ardU_ The number of bijections between all pairs
of subsets of U is no more than 20ardU . gcardU — gcardU = Therefore each
isomorphism class contains at most 2°*4U yltrafilters. But there are g2t
ultrafilters. So there are 22" classes. O

Remark 14 One of the above mentioned equivalence classes contains trivial
ultrafilters.

Corollary 23 There exist non-isomorphic nontrivial ultrafilters on any infinite
set.
18. Partitioning filter objects

Definition 74 Let A is a complete lattice. Thorning of an element a € A is
a set S € PA\ {0} such that

UmS:a and Va,yeS:z=%y.

Definition 75 Let 2 is a complete lattice. Weak partitioning of an element
a€isasetSePA\{0} such that

UmS:a and VxeS:xxﬂUm(S\{x}).

Definition 76 Let 2 is a complete lattice. Strong partitioning of an element
acisasetSePA\{0} such that

J*S=a and VA, BePs: (AxB;»U“AmeﬂB).

Obvious 24 1. Every strong partitioning is a weak partitioning.
2. Fvery weak partitioning is a thorning.

See the section “Open problems” for supposed properties of partitionings.

19. Open problems

In this section I will formulate some conjectures about lattices of filter objects
on a set. If a conjecture comes true, it may be generalized for more general
lattices (such as, for example, lattices of filters on arbitrary lattices). I deem
that the main challenge is to prove the special case about lattices of filter objects
on a set, and generalizing the conjectures is expected to be a simple task.
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19.1. Partitioning

Conjecture 1 Weak partitioning of an element of a lattice of filter objects on
a set is the same as its strong partitioning.

Now consider the complete lattice [S] generated by the set S where S is a
strong partitioning of some element a.

Conjecture 2 [S] = {USX | X € PS}, where [S] is the complete lattice gen-
erated by a strong partitioning S of an element of a lattice § of filter objects on
a set.

Proposition 38 Provided that the last conjecture is true, we have that [S] is a
complete atomic boolean lattice with the set of its atoms being S.

Remark 15 Consequently S is atomistic, completely distributive and isomor-
phic to a power set algebra (see |13]).

Proof Completeness of [S] is obvious. Let A € [S]. Then exists X € PS
such that A = [J¥X. Let B = JS(S\ X). Then B € [S] and AN B = 0.
AUB = |J39 is the biggest element of S. So we have proved that [S] is a
boolean lattice.

Now let prove that [S] is atomic with the set of atoms being S. Let z € S and
A € [S]. If A # z then either A =0 or z € X where A = %X, X € PS and
x # 2. Because S is a partitioning, ¥ (X \ {z})"¥ 2z = 0and S (X \{z}) #0.
So A=USX=USX\{zhus2¢ 2.

Finally we will prove that elements of [S]\ S are not atoms. Let A € [S]\ S
and A # 0. Then A D 2 US y where z,y € S and = # y. If A is an atom then
A =z = y what is impossible. O

Proposition 39 The conjecture about the value of [S] is equivalent to closed-
ness of {USX | X € PS} under arbitrary meets and joins.

Proof If {{JSX | X € PS} = [S] then trivially {JSX | X € PS} is closed
under arbitrary meets and joins.

If {US X | XePS } is closed under arbitrary meets and joins, then it is
the complete lattice generated by the set S because it cannot be smaller than
the set of all suprema of subsets of S. O

That {{J¥X | X € PS} is closed under arbitrary joins is trivial. I have not
succeeded to prove that it is closed under arbitrary meets, but have proved a
weaker statement that is is closed under finite meets:

Proposition 40 {{JSX | X € PS} is closed under finite meets.
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Proof Let R={{J¥X | X € PS}. Then
UQtXleUQlY _
UM (xnyyux\v))n*J*Y
QJ%XmmumUma\YDmmUmy -
QJ%Xmmm“U%@quJ%X\mm“U%@ -
(UQ‘(XQY)QQ[UQ[Y)UQ[O =
U*xny)n®* Y.
Applying the formula (J?X n* J?Y = J*(X NY)N* J?Y twice we get
UQlXﬁQIUﬂY _
U xny)n*(J* Y n(xnY))
J*xny)n*(J*xnYy) =

U*&xny).
But for any A, B € R exist X,Y € PS such that A = J*X and B = %Y.
So AN B=J*Xn*JrY =J*(XNY)€ER. O

Conjecture 3

1. Fwvery filter object on a set can be partitioned into atomic filter objects.

2. This partitioning is unique.

19.2. Quasidifference

Problem 1 Which of the following expressions are pairwise equal for all a,b € § for
each lattice § of filters on a set? (If some are not equal, provide counter-examples.)

L N%{z€F | a CbU®z} (quasidifference of a and b);

2. US{2€F | 2Canzn®b=0} (second quasidifference of a and b);
3. U (atoms® a \ atoms® b);

4. U¥{an® (U\B) | B € upb}.

19.3. Complementive filter objects

Conjecture 4 Z(DA) is a complete lattice when A € § where § is the set of
foo. on some set U. (If true, this conjecture may be generalized.)

Conjecture 5 Z(DA) is join-closed for any f.o. A.
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Proposition 41 The last conjecture follows from the previous.

Proof Let S € PZ(DA). We need to prove that |JZ(PAS = [JSS. Tt is
enough to prove that for any F € DA

VKES:KQ]-'é]—"QUZ(DA)S.

Really: Let C € upPAF and VK € S : K C F. Then C D F; C D |J?PAS;
C € up|JZ?PAS; consequently F D [JZ(PAS. O

In the light of the theorem[59], it is simple to prove that the above conjecture
follows from each of two items of the following conjecture:

Conjecture 6 Consider the filtrator (§; PU) where U is some set and § is the
set of filter objects on PU. Let A€ § and T € PPU. Then:

1. JZPOIX S A | XeT=AnNSUT;
2. NZPAIXMA| XeT}=AMNT.

We can prove that a\*b = a#b if we can prove that Da is a filtered filtrator
with both separable and co-separable and join-closed center because of formulas
expressing equality of a \* b and a#b and the theorem providing the equality
a* =at.

19.4. Non-formal problems

Develop the theory of atoms on posets not having least element. See |10] for
the general definition of atoms.

Should we introduce the concept of star objects, analogous to filter objects,
and research the lattice of star objects?

Find a common generalization of two theorems:

1. If 2 is a meet-semilattice with greatest element 1 then for any A, B € §
up(AUS B) = up AN up B.

2. If A is a join-semilattice then F is a join-semilattice then and for any A, B € §
up(AUS B) = up AN upB.

Under which conditions a \* b and a#tb are complementive to a?
Generalize straight maps for arbitrary posets.

20. Postface

I have set a wiki site to collaboratively write a book which will extend and
amend this article and will emerge into the exhaustive reference text about
filters on posets, filters on lattices, and generalizations thereof. I call you to
collaborate with me writing this book.

The wiki site URL is: |http://filters.wikidot.com.

I also call you to solve open problems which I formulated in this article.
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Appendix A. Some counter-examples

Example 2 There exist a bounded distributive lattice which is not lattice with
separable center.

Proof The lattice with the following Hasse diagram is bounded and distribu-
tive because it does not contain “diamond lattice” nor “pentagon lattice” as a
sublattice [14].

It’s center is {0,1}. Ny =0 indeed upz = {1} but 1 Ny # 0 consequently
the lattice is not with separable center. O

For further examples we will use the filter object A defined by the formula
A= mg{(—a;a) | e e R, e >0}
and more general

A+a:ﬂ3{(a—s;a+a) | eeR,e>0}.

Example 3 There exists A € PU such that (SA # 7Y A for some set U.
Proof N7P®{(-a;a) | a € R,a >0} = {0} # A. O
Example 4 There exists a set U and there are a f.o. a and a set S of f.o. on
the lattice PU such that a NS [J¥S # |JS (an¥) S.

Proof Let a = A and S = {(¢;+00) | ¢ >0}. Then a NS Y¥S = A NS
(0;+00) # 0 while (J¥ (an¥) 5 =S {0} = 0. O
Example 5 There are thornings which are not weak partitionings.

Proof {A+a | a € R} is a thorning but not weak partitioning of the real
line. 0
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Example 6 There exist a complete lattice for which weak partitioning and
strong partitioning are not the same.

Proof (proof sketch by Frangois G. Dorais) Consider the poset 2 of all closed
(as subsets of R) subsets of {1, %, é,.. O} Let S = {{ } n= 1,2,...}.
Obviously S C 2.

Let X € PS. Let’s prove | J%X = cl|J X.

First cl|J X € A because |J X C {1, é, :1,), . .,0}.

Obviously Vo € X : ¢ Ccl|J X.

Let cedandVe € X :¢Dz. Thenc D |JX andsoc=cleDcl|JX.

So U%X = cl|J X. By the way this implies that 2l is a complete lattice.

Let a,b € S. Let’s prove aN* b = cl(aNb).

Obviously cl(anb) C cla = a so having cl(aNb) C a and similarly cl(aNb) C b.

Let cefAand cCaAcCb Then cCanbandsoc=cleCcl(anb).

So aN® b =cl(anb).

Let x € S. Then # = {1} for some n € {1,2,...}.

U6\ foh) = alJis\ {ah) = {0} U (S\ {{%}}) |

So
{a} | J™ (9 \ {«}

o (onle ()
(oo ()

clf

Thus S is a weak partitioning.

Let A={{£} In=12.}and B={{z15} | n=1.2.
ANB =0 but J2ANAY2B = (olUA)mﬂ(cluB)3{0}&{0}—{0}#@

Thus S is not a strong partitioning.

Appendix B. Logic of Generalizations

In mathematics it is often encountered that a smaller set S naturally bijec-
tively corresponds to a subset R of a larger set B. (In other words, there is
specified an injection from S to B.) It is a widespread practice to equate S with
R.

Remark 16 I denote the first set S from the first letter of the word “small” and

the second set B from the first letter of the word “big”, because S is intuitively
considered as smaller than B. (However we do not require card S < card B.)
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The set B is considered as a generalization of the set .S, for example: whole
numbers generalizing natural numbers, rational numbers generalizing whole
numbers, real numbers generalizing rational numbers, complex numbers gen-
eralizing real numbers, etc.

But strictly speaking this equating may contradict to the axioms of ZF /ZFC
because we are not insured against SN B # () incidents. Not wonderful, as it is
often labeled as “without proof”.

To work around of this (and formulate things exactly what could benefit
computer proof assistants) we will replace the set B with a new set B’ having a
bijection M : B — B’ such that S C B’. (I call this bijection M from the first
letter of the word “move” which signifies the move from the old set B to a new
set B’).

Appendiz B.1. The formalistic

Let S and B are sets. Let E is an injection from S to B. Let R =im F.
Let t=PUUS.

E- 'z ifz€R;
Let M(z) = { (t;x) ifz ¢ R.

Recall that in standard ZF (t;z) = {{t}, {t,2}} by definition.

Theorem 76 (t;x) € S.

Proof Suppose (t;z) € S. Then {{t},{t,z}} € S. Consequently {t} € JS;
tCJUS;te PUUS; t €t what contradicts to the axiom of foundation (aka
axiom of regularity). O

Definition 77 Let B’ =im M.

Theorem 77 S C B'.
Proof Letz € S. Then Ex € Ry M(Ex) = E 'Ex=x;z€imM=B. O

Obvious 25 E is a bijection from S to R.

Theorem 78 M is a bijection from B to B’.

Proof Surjectivity of M is obvious. Let’s prove injectivity. Let a,b € B and
M(a) = M(b). Consider all cases:

a,b€ R M(a) = E~ta; M(b) = E~'b; E~'a = E~'b; thus a = b because E~!
is a bijection.

a€R,bZR M(a) = E~ta; M(b) = (t;b); M(a) € S; M(b) € S. Thus
M(a) # M(b).

a ¢ R, b€ R Analogous,

60



a,bd R M(a) = (t;a); M(b) = (¢;b). Thus M(a) = M (b) implies a = b.

Theorem 79 M o E = idg.
Proof Let z € S. Then Exz € R; M(Ez) = E~'Ex = . O

Obvious 26 E = M~1|s.
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