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Abstract

Defined connectedness and connectivity for funcoids and reloids. Researched relationships
of different kinds of connectedness. It is a part of my Algebraic General Topology research.
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1 Draft status

This article is a draft.

2 Prerequisites

For understanding this article prior reading of [1] is necessary.

3 Some lemmas

Lemma 1. If =(A[f]B) AAUB Ddom fUim f then f is closed on A for a funcoid f and sets
A and B.

Proof. ~(A[f]B) & BN (f)A=0 (dom fUim f) N BN (f)A=0= (dom f Uim f \ A) N
(fYA=0e (f)ACA. 0

Corollary 2. If =(A[f|B)ANAUB Ddom fUim f then f is closed on A\ B for a funcoid f and
sets A and B.

Proof. Let =(A[f]B) ANAUB 2 dom fUim f. Then =((A\ B)[f]B) A (A\ B)UB Ddom fU
im f. O

Lemma 3. If =(A[f]B) AAUB Ddom fUim f then =(A[f"|B) for any whole positive n.
Proof. Let —(A[f]B) N AU B D dom f Uim f. From the above proposition (f)A C A. BN
(fYA =0, consequently (f)A C A\ B. Because (by the above corollary) f is closed on A \ B,

then (f)(f)A C A\ B, (f)}{f)(f)A C A\ B, etc. So (f"YA C A\ B, B n (f"A = 0,
—(A[f")B). O

4 Endomorphism series

det
Definition 4. Si(u) = wU p2U 3 U... for an endomorphism p of a precategory with countable
union of morphisms.

*. This document has been written using the GNU TgXj;acg text editor (see www.texmacs.org).



2 SECTION 5

def def
Definition 5. S(u)=pu® U Si(pu) where p®=Ioy,, (identity morphism for the object Ob 1)

where Ob p is the object of endomorphism g for an endomorphism p of a category with count-
able union of morphisms.

I call Sy and S endomorphism series.

We will consider the collection of all binary relations (on a set U), as well as the collection of
all funcoids and the collection of all reloids, as categories with single object U and the identity
morphism (=) or (=)|e.

So if p is a binary relation or a funcoid or a reloid we have

Si(p)=pUpPUpdu...and S(p)=(=)upup?updu...

Proposition 6. S(u) is transitive for the category of binary relations.
Proof.

S(p)oS(p) = ploS(u)UpoS(u)Up?oS(p)U...
(WPuptupu.)u(prupupdu.)upPupduptu..)
,uOU /ﬂU,u2U...

S(p)-

5 Connectedness regarding binary relations

Before going to research connectedness for funcoids and reloids we will excurse into the basic
special case of connectedness regarding binary relations.

Definition 7. A set A is called (strongly) connected regarding a binary relation u when
VX, Y € ZU\{0}: (X UY D A= X[u]Y).

Definition 8. Path between two elements a, b € U in a set A through binary relation p is the
finite sequence x...x, where zo=a, x,=0b for n € N and z;,(uN A X A)x;41 for any i=0,...,n —
1. n is called path length.

Proposition 9. There exists path between any element a € U and that element itself.
Proof. It is the path consisting of one vertex (of length 0). O

Proposition 10. There is a path from element a to element b in a set A through a binary rela-
tion p iff a (S(uNAxA))b (that is (a,b) € S(uN A x A)).
Proof.

Direct implication. If exists a path from a to b, then {b} C ((p N A x A)"){a} where n is
the path length. Consequently {b} C (S(uNAx A {a}; a(S(uNAxA))bd.

Reverse implication. If a (S(uNAx A))b then exists n € N such that a (uNAxA)"b. By
definition of composition of binary relations this means that there exist finite sequence
Zo...Tn, where zo=a, x,=0b for n € N and z; (uNAXA)x;41 for any ¢ =0,...,n — 1. That
is there is path from a to b. O

Theorem 11. The following statements are equivalent for a relation p and a set A:

1. For any a,b € A there is a path between a and b in A through pu.

2. S(uNAxA)DAxA. [TODO: D can be replaced with =]

3. A is connected regarding .
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Proof.

(1) = (2). Let for any a, b € A there is a path between a and b in A through u. Then
a(S(uNAxA))b for any a,be A. It is possible only when S(pNA x A)D A x A.

(2) = (1). For any two vertices a and b we have a (S(uNAxA))b. So (by the previous the-
orem) for any two vertices a and b exist path from a to b.

(2) = (3). Suppose that =(X[pNA x A]Y) for some X,Y € 20\ {0} such that X UY D A.
Then by a lemma —=(X[(x N A x A)"Y) for any n € N. Consequently —(X[S(x N A X
A)Y). So S(uNAx A)+ A x A.

3)=(2). If (S(uNAx A)){v} = A for every vertex v then S(pN A x A)=A x A. Consider

the remaining case when Vd:Cf<S(u NAx A)){v} C A for some vertex v. Let W=A\V.
Then VUW D A and consequently VN AUWNA=(VUW)NA=A consequently V N
AW N A that is V[p N A x AW that is (u N A x A)V N W # (. This is impossible
because (uNA X A)YV=(uNAXxA(S(ENAX ANV =(S1(pNAx AV C(S(pNAx
ANV =V. a

Corollary 12. A set A is connected regarding a relation p iff it is connected regarding p N A x
A. [TODO: Generalize this for funcoids and reloids.]

Definition 13. A connected component of a set A regarding a binary relation F' is a maximal
connected subset of A.

Theorem 14. The set A is partitioned into connected components (regarding any binary rela-
tion F).

Proof. Consider the binary relation a~b<a (S(F))bAb(S(F))a. ~ is a symmetric, reflexive,
and transitive relation. So all points of A are partitioned into a collection of sets ). Obviously
each component is (strongly) connected. If a set R C A is greater than one of that connected
components A then it contains a point b € B where B is some other connected component. Con-
sequently R is disconnected. ([

Proposition 15. A set is connected (regarding a binary relation) iff it has one connected com-
ponent.

Proof. Direct implication is obvious. Reverse is proved by contradiction. 0

6 Connectedness regarding funcoids and reloids
Definition 16. Si(u)=7{S1(M) | M €up p} for a reloid s.
Definition 17. Connectivity reloid for a reloid p is defined as follows:

S* () =(7{S(M) | M € up u}.

Remark 18. Do not mess the word connectivity with the word connectedness which means
being connected.!

Proposition 19. S*(u)=(=)UST(p) for any reloid p.
Proof. Follows from a theorem about distributivity of U regarding (7. O

Proposition 20. S*(p)=S(u) if p is a binary relation.

Proof. $*(u)=N7{S(n)}=5(n). m

1. In some math literature these two words are used interchangeably.



4 SECTION 6

Definition 21. A filter A is called connected regarding a reloid p when S*(p) DA x A.

Definition 22. A filter A is called connected regarding a funcoid p when
VX, Y € 20\ {0}: (X UY D A= X[u]Y).

Theorem 23. A filter A is connected regarding a funcoid p iff
VX, ¥yeZ\{0}:(XUY D A= X[u]Y).

Proof.
Reverse implication. Obvious.
Direct implication. Let X, Y € %, YUY D A. Then X UY D A for any X € upX, Y €
up). Consequently VX € upX,Y € upY: X[u]Y; X[u|)V. O

Theorem 24. A filter A is connected regarding a funcoid pu iff A is connected for every binary
relation F' D u.
Proof.

Direct implication. Obvious.

Reverse implication. Let A is not connected regarding g, that is ~(X[u]Y") for some X,
Y € 20\ {0} such that X UY D .A. We can assume that X NY = (. (Otherwise replace
Y with Y \ X or X with X \ Y;if both Y \ X and X \ Y are empty then X =Y = A
what is impossible.) Also we can assume X UY = A. Consider the relation F = (X x X)U
(Y x A). For any atomic filter a

(F}a({ j ig%;)ym,ﬁtxma

So pNAx ACF. Consequently pNAx ACF for some A€up.A. So
Fo=FUUXxU\AxA)Du

Obviously —(X[F]Y) and consequently —(X[F2]Y). So A is not connected regarding
Fs. a

Theorem 25. The following statements are equivalent for a binary relation F' and a filter A:
1. A is connected regarding F' as a funcoid.

2. A is connected regarding F' as a reloid.
Proof. From the previous section. O

Theorem 26. A filter A is connected regarding a reloid f iff it is connected regarding every
Feupf.

Proof.
Direct implication. Obvious.

Reverse implication. F is connected iff S(F)=F'UF'UF?U...DAx A.
S (f)=N7{S(F) | Feup f} 2NT{AxA| Feup f}=Ax A O

Theorem 27. A filter A is connected regarding a reloid f iff it is connected regarding the fun-
coid (FCD) f.

Proof. f is connected iff every element of up f is connected. But
up f={F | Fe ZUNF 2 (FCD)f}.

From the theorem 24 follows that these are equivalent. O
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7 Algebraic properties of S and S*
Theorem 28. S*(S*(f))=S*(f) for any reloid f.

Proof. S*(S*(f)) = NZ{S(R) | R € wp S*(f)} € NZ{S(R) | R € {S(F) | F € uwp f}}

N7{S(S(F) | Feup f}=N7{S(F) | Feup f}=5(f).
So S*(S*(f)) CS*(f). S*(S*(f)) 25*(f) is obvious.

Corollary 29. S*(S(f))=S(S*(f))=S5*(f) for anyreloid f.

Proof. Obviously S*(S(f)) 25*(f) and S(S*(f)) 2 S*(f).
But 5*(5(f)) € 5*(5*(f)) =57(f) and S(5*(f)) € 5*(5*(f)) = 5*(f).

Conjecture 30. S(S(f))=5(f) for
1. any reloid f;
2. any funcoid f.

Conjecture 31. For any reloid f

L S(f)esS(f)=5(f);

2. §°(f)o5*(f)=5"(f);

3. 5(f)eS57(f)=5"(f)eS(f)=5"(f).
Conjecture 32. S(f)oS(f)=S(f) for any funcoid f.
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